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Spectrum of Random Band Matrices

Abstract

Starting early twentieth century, random matrices played a crucial role in Physics, Statistics,
Engineering and many other branches of science. In this thesis, I have considered spectral proper-
ties of random band matrices. It was known that the limiting spectral distribution of the symmetric
random band matrices follow the Semicircle law after proper scaling. In this thesis, I have consid-
ered the fluctuations of the linear eigenvalue statistics of random band matrices. In other words,
I have considered the fluctuations of the empirical spectral distribution of the symmetric random
band matrices around the Semicircle distribution.

In the second part of the thesis, I have considered the limiting spectral distribution of the
singular values of random band matrices plus a deterministic band noise matrix. And finally, I
conjectured that the limiting spectral distribution of general random band matrices follow the

Circular law.
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CHAPTER 0

Notations

For convenience, we list the notations and abbreviations which are used in this writing.

(1) dz: Degenerate probability measure at x i.e., 6:(y) = 1{z—y
(2) |S| : Depending on the context, cardinality of the set S or magnitude of the complex number
S
3) S°: Interior of the set S OR If S is a random variable then S° = S — E[S]
) S Closure of the set S
) Q: The underlying probability space
6) || Xy = [E|X|9]"/4 for a random variable X and 1 < ¢ < o0
) CLT: Central Limit Theorem
) ESD: Empirical spectral distribution
) ii.d.: Independently and identically distributed random variables
10) R(z): Real part of the complex number z
11) S(2): Imaginary part of the complex number z
12) C; :={z € C:¥(2) >0}
13) Ry :={x eR:2 >0}
) SLLN: Strong law of large numbers
15) WLLN: Weak law of large numbers
) a.s.: Almost sure
17) pdf: Probability density function
) MT: Transpose of the matriz M
) M*: Complex conjugate transpose of the matriz M
)
)

20) ap, = O(by): If

< C, V n, for some positive constant C

an
bn

21) ap, << by or ap = o(by): If limy, 0 ‘g—: = 0 for two sequences {an}n,{bn}n of real numbers



CHAPTER 1

Introduction

Random Matrix Theory was developed from several different sources in the early 20th century.
It is used as an important mathematical tool in various fields namely, Mathematics, Physics, wireless
communication engineering etc. One of the earliest example of a random matrix was appeared in
the study of sample covariance estimation which was done by John Wishart [Wis28|. In the early
1950s, Wigner introduced random matrix ensemble to study the energy spectra of heavy atoms
undergoing slow nuclear reactions.

In 1970s, a connection between Random Matrix Theory and number theory was found. The
Riemann hypothesis says that the nontrivial zeros of the Riemann zeta function lie on the line
3 +iE with —oo < E < co. Assuming the Riemann hypothesis, Montgomery [Mon73] calculated
the asymptotic two point correlation of these zeros, which turns out to be same as the two-lavel
correlation function of the unitary random matrix ensemble.

Random matrices are also used to model wireless channels. A random matrix model of CDMA

networks can be found in [TV04, VS99|.

DEFINITION 1.0.1 (Empirical Spectral Distribution). Let M be an n x n matrix, and Aj,..., A\,

be the eigenvalues of M. Then

1 n
1.1 =— .
(1.1) = Z O,
=1
is called the Empirical Spectral Distribution (ESD) of the matrix M.
Limiting behaviour of p,, for different types of random matrices is an important class of problems

in Random Matrix Theory. To discuss about limiting behaviours of u,s, we need to define a notion

of convergence in the space of measures.



DEFINITION 1.0.2 (Weak convergence). Let {u,}n be a sequence of measures on a complete
separable topological space S. p, is said to converge weakly to a measure p if [ f du, — [ f dp

as n — oo for all bounded continuous functions f : & — R.

The limiting ESD of properly scaled random Hermitian matrices follow the Semicircle law. The

theorem is formulated below.

THEOREM 1.0.3 (Semicircle law). Let X = (xi;j)nxn be an n xn random Hermitian matriz such
that x;; are i.i.d. random variables and Elz;j] = 0, E[|z;;|?] = 02 for all i,j. Then the ESD of
%X converges a.s. to the Semicircle distribution in the weak topology of measures, where the pdf
psc of the Semicircle distribution is given by

1
psc() 5 V40?2 — 22 1)41<00y (2).

- 2mo

The first proof dates back to Wigner [Wigh5, Wig58], where he assumed all finite moments
and the convergence was in probability. There was many improvements thereafter [Arn71,Bai99].
Let X be an n x n random matrix with i.i.d. entries, then X X* is a non-negative definite
symmetric matrix. Therefore all the eigenvalues of X X* are non-negative real numbers. So, it is
obvious that the limiting ESD of X X* can not be the Semicircle distribution. The limiting ESD

of such matrices was found by Marcenko and Pastur [MP67].

THEOREM 1.0.4 (Marcenko Pastur law). Let X = (2;j)mxn be an m x n random matriz with

i.i.d. real valued random wvariables such that Elx;;] = 0, E[:L‘ZQ]] = 02 for all i,j. Further assume
1 T .. . . . .

that ™ — v € (0,00). Then the ESD of —-XX* converges to the probability distribution with pdf

f~, wea kly, in probability, where f. is given by

1

fv(x) — (1 _ ,y> 1{x:0,’y>1}(x) + \/(LE - 7*)(’7+ - $) 1

2oy

[v- 7’Y+](x)’
where v+ = 0?(1 £ /7).

The eigenvalues of random matrices X with iid entries are distributed over the complex plane.
The limiting spectral distribution of such matrices are uniformly distributed over a disk on the

complex plane centred at origin [TVK10].



1.1. RANDOM BAND MATRICES

THEOREM 1.0.5. Let X = (zij)nxn be an n x n random matriz with i.i.d complex random
variables such that E[x;j] = 0 and E[|z;;|?] = 1 for alli,j. Then the ESD of ﬁX converges weakly

and a.s. to the uniform probability measure on the unit disk on the complex plane.

Classically, the Semicircle law was proved using the moment method. An alternative approach
to find the limiting ESD is the Stieltjes transform method. The Stieltjes transform of a probability
measure p supported on the real line is defined by

m(z):/@, z € Cy.

The Stieltjes transform characterizes a probability measure uniquely. If {my}, is a sequence of
Stieltjes transforms of a sequence of probability measures {u,}, such that m,(z) — m(z) for all
z € C4, then p, — p in the week topology. This approach was used to prove both the Semicircle
law and the Marcenko-Pastur law. However, this method is not useful for proving the Circular

law [BS10]. It can be shown that the Stieltjes transform of the Semicircle law is given by

— N
(1.2) m(z) = z%—fz’ zeCy,

and that of the Marcenko-Pastur law with parameter - satisfies
(1.3) m(2)(1+ a®m(2))z + (1 —y)o*m(z) +1 =0,
where o is the variance of the entries of the random matrices [MP67)].

1.1. Random Band Matrices

A special kind of random matrix ensemble is a random band matrix. In 1955, Wigner studied
the matrices H of the form H = K + V, where K is an n x n diagonal matrix consisting of
--—2,-1,0,1,2,---, and V is an n X n symmetric sign matrix having non vanishing elements only
up to a distance b, from the main diagonal. Such a matrix H was called as bordered matrix [Wig55,
Wig57]. Random band matrices can be used to model an interacting particle system where a

particle interacts with it’s neighbours only upto a certain distance.
A treatment of random band matrix was done by G. Casati et al. [CMI90, CIM91] in the

context of Quantum Chaos. They studied n x n symmetric random band matrices of bandwidth

4



1.1. RANDOM BAND MATRICES

b,, where b, grows with n. In 1992, Molchanov et al. proved the Semicircle law for random band
matrices [MPK92]. In 1991, Fyodorov and Mirlin had shown that % is a crucial parameter for
the spectral properties of random band matrices [FM91, MFD*96].

The Semicircle law is also true for random band matrix and was proved in early 90’s [ BMP91,
MPK92|. Convergence of ESD random matrices is analogous to the WLLN and SLLN in the
classical probability. After SLLN or WLLN, the next forward step is the study of CLTs. Various
CLTs were proven for independent, weakly dependent sequence of random variables. But in Random
Matrix Theory, the eigenvalues of a random matrix are not independent. In fact, they are highly
correlated. Which makes study of CLT for linear eigenvalue statistics more interesting. In Chapter
2, we discuss about the CLT of linear eigenvalue statistics for Hermitian random band matrices.
Then in the Chapter 3 we prove the the Marcéenko-Pastur law for random band matrices and in
the Chapter 4 we provide the numerical evidence that the Circular law is true for random band
matrices.

In general, in the study of random matrices, the underlying distributions of the entries of the
random matrix are unknown. Many random matrix results are universal, and they do not depend
on the underlying distributions. However, there are some regimes where universality of the results

may fail, and this research makes an attempt to identify such regimes.



CHAPTER 2

Central Limit Theorem for Linear Eigenvalue Statistics

In this Chapter, we deal with the CLT for the eigenvalue statistics of band random matrices.
We take the approach of M. Shcherbina in [Shell] to establish the CLT for band matrices with
bandwidth b,, where b, — 0o as n — co. We give an alternative proof of Li and Soshnikov [LS13]
result on CLT of band matrices when y/n << b, << n. We have given some simulation results in
Section 2.3, which ensure that the CLT for band matrices will also hold if \/n/b, - 0 and b,, — oc.

Now we define our model. Let us define the (circular) distance function d,, : N x N — N as
dn(]v k) = mln{b - k|7n - |] - k|}7

and the index sets I,, [[F C Nx N, I; C N as

(2.1)
L= {0, k) : dp(j,k) < bn}, IT ={(.k):(Gk) €L j<k}), L={l<j<n:(1,j) €I}

where {b,} is a sequence of positive integers such that b, — 0o as n — oo.
Define a real symmetric random band matrix M = (m;)nxn of bandwidth b, as
b w3 dn (G, k) < by

(2.2) M, = my; =
0 otherwise,

where {w;;} and {wjr}; . (kyert are two sets of i.i.d. real random variables with

1 ifj£k

(2.3) Elw,x] =0, E[wfk] =
o ifj=k.

Here {w;1,} may depend on n, but we suppress it when there is no confusion. Let A\; < X <--- < A,

be the eigenvalues of the random band matrix M. Define the linear eigenvalue statistic of the



2.1. MAIN RESULTS

eigenvalues of M as

(2.4) Na(d) = o(\)
=1

and the normalized eigenvalue statistic of the matrix M as

where ¢ is a test function.

2.1. Main Results

THEOREM 2.1.1. Let M be a real symmetric random band matrixz as defined in (2.2), and b, be

a sequence of integers satisfying \/n << b, << n. Assume the following:

(1) wji satisfies the Poincaré inequality with constant m > 0 not depending on j,k,n i.e., for any

continuously differentiable function f,

Var( fwys) < —E[| £ (wse)]]

(ii) Blwh] = pa for all j # k and dp(j, k) < by.

(iii) ¢ : R — R is a test function in the Sobolev space H® i.e., ||¢||s < 0o, where
62 = [ 1+ 20130 .

2oL o—itA
olt) = \/27T/IR{ P2 X
and s > 5/2.

Then the centred normalized eigenvalue statistic M°(¢) = My (¢) — E[My(4)] converges in distri-

bution to the Gaussian random variable with mean zero and variance given by
2\/5 4 — 2 2 2\/5 2

Vi) = 4 / u L / _no(p)

1672 273 /8 1672 22 /8 — 112

/ / — 26— P F ()

7




2.2. PROOF OF THE THEOREM 2.1.1

(p11) p20(p2)
sdpidpus drdy,
/ /;Jx—u1 V8 = 12 (x = p2)%\/8 — i3

where for x #y

o (s3sins — ssin® s)
F(z,y) =2 ds,
(@y) /Oo 2(s2 —sin? 5)2 — (s3sin s + ssin® s)zy + 52 sin? s(z2 + y2?)

and k4 is the fourth cumulant of the off-diagonal entries, i.e., kg = g — 3.

2.2. Proof of the Theorem 2.1.1

We follow the approach taken by M. Shcherbina in [Shcll] for full (Wigner) matrix. This
approach is based on two main ideas. The first ingredient is stated in the following proposition
which gives a bound on the variance of linear eigenvalue statistics with a sufficiently smooth test
function in term of the variance of the trace of the resolvent of a random matrix. For a proof of this
result see [Shcl1l, ORS13]. In what follows, we denote X° = X — E[X] for any random variable
X.

PROPOSITION 2.2.1. Let M be an n x n real symmetric random matriz and Ny (¢) be a linear

eigenvalue statistic of its eigenvalue as in (2.4). Then for any s > 0 we have

VarlN,y(6)] < Cull6]2 / Ty ey / " Varl THG(a + i) d,

where Cy is a constant depends only on s, and G(z) = (M — zI)~!, is the resolvent of the matriz

M.

The second ingredient of this approach is to use the martingale difference technique to provide a
good bound on Var(vy,) where 7, is the trace of the resolvent of a matrix. The following proposition

gives that bound.

PROPOSITION 2.2.2. Consider symmetric band matriz M defined in (2.2) and assume (2.3) is

satisfied. Then for some C' > 0 not depending on z,n we have

(2.6) Var{y,} < — C (y +y7h) <max {y, |z — §}>_2

where v, = Tr(M — 2I)™! = Tr(G) and z = z + iy, y > 0.
8



2.2. PROOF OF THE THEOREM 2.1.1

We prove this result in Chapter A . Now we outline the proof of Theorem 2.1.1

PROOF OF THEOREM 2.1.1: By Lévy’s continuity theorem, it suffices to show that if
(2.7) Zn(z) = Elen(z)], en(z) = M)
then for each x € R

lim Z,(z) = exp

n—oo

2]

where V(¢) as in Theorem 2.1.1. For any test function ¢ € H®, define

¢77 = Pn * @,
where P, is the Poisson kernel given by
n
P =—.
"= @)

We know that ¢, approximates ¢ in the H*® norm i.e.,

(2.8) lim (¢ — )y = 0.
n—

For the moment, we denote the characteristic function defined in (2.7), by Z,(¢) (to make its

dependence on ¢ clear). Then we have

lim Z,(¢) = lim lim (Z,(¢) — Zn(¢y)) + lim Lim Z, ().

n—oo nd0 n—oo nd0 n—oo

Now using the Proposition 2.2.1 and (2.8), we shall show that

(2.9) lim lim (Zo(9) — Za(éy)) = 0.

77¢0 n—o0

and then

lim Z,(¢) =lim lim Z,(¢,).

n—oo nd0 n—oo

9



2.2. PROOF OF THE THEOREM 2.1.1

Hence it suffices to find the limit of
(2.10) Znm = Zn(dn) = Elepn(x)]
with

enn(x) = exp [iz M, (dy)]

as n — oo and 1 | 0 uniformly in n. Proofs of (2.9) and (2.10) are given in the next two subsections

and that will complete the proof of this theorem. O

2.2.1. Proof of equation (2.9). First observe that
br,
(211) | Zu(@) = Zuld)I® < 2l Var [My(9) — Mu(¢y)] < 2f|* = Var [No(9) = Nu(én)] -

Now, in view of Proposition 2.2.1, to bound Var [N, (¢) — N,,(¢y)] we need to estimate

/OO Var (yp(x + iy)) dz,

— 00

where v, (z + iy) = Tr(G(x + iy)) and G(z) = (M — zI)~!. We estimate that for y > 0

o0 21\ 2 1
/ (max{y,m-}) dmﬁ/ 2da:+/ (x —2/y) % dx
—00 Yy llz|—2/y|<y Y ||z —2/y|>y

10
< —+ 10y
Y

Using the above estimate and (2.6), we have

> —y,,25—1 * Cl > —y,,25—1 1 1 1
dy e Yy Var(vy,) de < — e Yy n | -ty || 5+ ) dy
0 —oo bn Jo y vy

n [ _ 25—3—1 25—1-1 2s—5-1
:o/ eV (2y +y +y ) dy

bn 0

n

(2.12) = Cb— (I'(2s—3)+TI'(2s—1)+T'(2s—5)).

If we take



2.2. PROOF OF THE THEOREM 2.1.1

then I'(2s — 3) = I'(2 + 2¢), I'(2s — 1) = I'(4 + 2¢), and I'(2s — 5) = I'(2¢). By Proposition 2.2.1,
and (2.12), we have

Var (Na(8) = Nald)) < €116 = dulls

Using the above estimate and (2.11), we have

by
120(9) = Zu(6y)|* < 20a*" - C(e) -6 — oyl
a6~ byl

—0 asn—0.

The last limit follows from the equation (2.8). This completes the proof of (2.9).

2.2.2. Finding the limit of the characteristic function (2.10). We will be using the
Lemma A.0.1 and Lemma A.0.2 from Appendix in the proof of (2.10). Let us denote the averaging

with respect to {wi;;1 <i < n} by E;.

PROOF OF (2.10): Using the dominated convergence theorem we have

d

Zn(pn) = —Elegn(2)]

exp (m\/%w)]
iﬁNz<¢n>en,n<x>] .

d
dx
_ g
dx

Since by construction ¢, = P, * ¢, we have

Ny (dn) = / &)V, (2,) dp, where z, = p 4 in.

Hereinafter, we use the finiteness of fR |o(p)| du for ¢ € H® s > 7, when changing the order of

integration. For notational convenience, from now on we will denote e, ,,(z) by e(x). Therefore

2 7o) = E NZ@)}T | o3t du]
11



2.2. PROOF OF THE THEOREM 2.1.1

- 1W / " GOOE [ee)Tr (G°(2) — G(3)] d
\f / 6(1) (Va2 @) — Va2 ) dit

where
Yo (z,2) = Ele(z)Tr (G°(2))]
=E[e°(2)Tr(G(2))]
=nE [G11(2)e°(x)]
(2.13) — —nE [(A—l)" el(x)} —nE [(A—l)" (e(z) — el(x))} :
el(x) = exp [m\/g(-/\[n—l(%))o] )
Wm0 == [ 903 (s 2)) i
m-1(2) = TTGY(2),
(2.14) Alz) =z — \/1[)71011 + <G(1)m(1),m(1)> ,
(2.15) m) = \/%(LUH, W13y .-, wln)Ta
(2.16) cW(z) = (czgjl.)(z));:2 =MD — )L

and M) is the main bottom (n — 1) x (n — 1) minor of M. In the above notation (-,-) represents
the inner product of two complex vectors, i.e., (x,y) = g’ « for x,3y € C"~1. Equation (2.13) follows

from the Schur complement lemma, which says that

1 1

(2.17) Gu(z) = = wiy — 2 —(GOm® m®My ~  A()’

Vo

Now we rewrite
\/EYn(z,w) = —/nb,E [(A_l)oel(:n)] — /nb,E [(A_l)o (e(x) — el(x))]

12



2.2. PROOF OF THE THEOREM 2.1.1

(218) =T+ T5.

Using Taylor expansion we have

(2.19) ATl =

o D Y S RV S IV S A
= ~Vnbik (E[A] EA)? T (EA)? (E[A])4+A(E[A])4> il )}

@20) = ”b"EK@ﬁW‘a(aﬁﬁ?’)ei(”]+ ”bEK(I(Ef[lAﬁ‘AEg[ﬁ))(@]

Now we shall estimate each term individually. First of all, since M is a real symmetric matrix we

have

(2.21) G < ==

R

and, in particular, 1/|A| < 1/|3z|. It can also be checked that 1/|E[A]| < 1/|Sz|. Hereinafter
| X || is the spectral norm of a matrix X. Using the above equation (2.21) and the estimates (A.8),
(A.10), we have

(A9 nby, od] . Vnbn oo o0 ny\
Vil | i) | < e ] = o) =0 ([ ) = o)
[ (A°)3 n n n
Vi | Sobeit]| < e e = Seow® = o (5 ) o,

A02 nb, . .
Vi | G| < S B em (o)

13



2.2. PROOF OF THE THEOREM 2.1.1

< c\/? [Var(eS(x))] /2 [Var (byE(A°)%)] "

</ 2owm:1?)

Therefore, we have

= (mZE[AO °(@)] + O (\/2) - (E[TZ’;QE[eg(m)EI(AO)] +0 <\/Z>

Now

A° = —\/Twll T Z G wlzwla Z (G(l) Ell)]) ’

1611
ZjGIl

where I} ={1 < j<n:(1,j) € I,}. Therefore,

B [4°()] = - 3 (6 ~ElG))

"ien
and hence
- SRR ) +0 (7
_ (E{nAb])QE leﬂx)bln ie};wﬁ’ - E[GEP])] +0 ( b@)
- s e @] +o f7)
- i e swi+o (|5
(2.22) = EZL(IE{ZD?E brer@)] +0 < l;) '

Hereinafter, all bounds (implicitly) depending on z hold uniformly on the set {u + in : u € R} for

any given n > 0. Now

E [ -1e1(2)] —E[ne(@)]| = [E [y re1(@)] — Ebgei(@)] + E[yei(2)] — Eype(@)]]

14



2.2. PROOF OF THE THEOREM 2.1.1

< B[z - %) + Ebe - @)

= 0(b, %) + [E [ys (ea(@) — e(@))]] -

The last equality follows from (A.11). We estimate

e(z) — e (z —exp[zx\/>/\/'° gbn]—exp[m\/»/\/’;lgbn]
- <exp [mﬁwwn) - m\/gN:_lwn) - 1) r(a)
- \/Z (N5 (0n) — N1 (0) ex(a) + 220 (a2 (M3(60) — Nt (60)) x(2))

(2.23) = Z:\/?/_OO [qﬁ(u)% (9 = Yn—1) ex(z) + \/gdu)O(%‘i - 72_1)2] dp.

Therefore

E [ (e(x)

—ei(w
bn o o o
= / o(n [ — Y1) e1(@)ry + \/Z%O (v — vn_1)2] du] :

Using estimates (2.6) and (A.11), we have

(9 (5 = i-0) ]| < EaR) " (E [ler) (=5 ]) " - <\f \F>

Similarly,
o o o 2 n 1
E |:7” ('771 - f}/nfl) } - O < bnbn) X
Therefore,
1
IE [yo_ie1(x)] — Eoe()]| = O <m> |

From the equation (2.22) and the above estimates we have

T = \/g(IELQ‘l])QE [vo_1e1(x)] + O <\b/f>

15



2.2. PROOF OF THE THEOREM 2.1.1

=V [0 ()] o (3)
(2.24) = l;’;( zx+o<f>

Now consider Ty. Using (2.23) and (A.1) we have
Ty = —/nb,E [(A71)°(e(z) — e1(2))]
—-m [ [ 608 (02 -7 eae) i

_ 1\/% [(Al : /

h ()0 (yn = 15_1) du]

_ by 1°S(8 — 28] du+\/f0<bn>
— DS (v = n-1)] du+0<\/§>

- —m:" /Z G(E [e1(2)(A™)°S (v = ya-1)°] dp+ O (ﬁ)
o s (5 o ()

"o ity (585 o

e (T BEDN
A7)%(2) (A(ZM)” ) ]du-

Using & <G(1)m(1),m(l)> = 3z <G(1)*G(1)m(1), m(1)>, it can be easily verified that

ﬂf
TQQZTn

B(z)| _ 1 1 1 2
2.2 < < E|B < .
229 G| = e T < e BB <
Applying A~ = E[lA] (E’[‘;DQ + AE]E[)‘DQ to A71(z), A71(z,) and using (A.8), we get

16



2.2. PROOF OF THE THEOREM 2.1.1

et (5]

_ b, [elm { fl["(f))] < [223] L B({zu(» )}O( ) E[?E(f{ﬁé:ﬁ‘f"”) H L Ou1)
=08 o {0 (Caac Bt )] o
— AT (Db A" () A°(5)] — %jjg};ﬁjﬁ g] ”+o< )

Using (A.10), from the last expression we get

2 o (L2 |

(2200 = E2&<+z>I]E§([1L<)Z)u>]E[€1 (2)]E [baA°(2)A°(2)] - E[“Eé”ﬁﬂfgﬁﬁiilfi(z”” +0(b,').

Define

Dy (2,2,) = (1+E[B(z,)])E[bpE {A°(2)A°(24)}] - E[b,E1{A°(2) B°(z,)}]

E2[A(2)E?[A(2,,) E2[A(2)]E[A(z,)]

Also, using (2.23) and (A.11), we have

Ele(x)] — Eler(x)]

] by [ o o bn > °© ©
=2 | T [ o ) e e e [ 60002 2307 dn

=0 Y2 +0(n™).

Therefore
(2.27) Eler ()] = Zn(dy) + O(n~'/?).

Combining (2.18), (2.24), (2.26), and (2.27), we get

[ bn,
gYn(z,x) =T +T15

17



2.2. PROOF OF THE THEOREM 2.1.1

- 1&2[14]\/3” 0+ 3-Bles(@)] | [Due1) = Dl 5)1600) du+ O

— Ef[A]\/gYn(z, x) + %Zn(%) /_OO [Dn(z, 24) — Du(2, 2,)] (1) dp + o(1)

~ 220 Vales0) + 5 Zn(6s) [ (Do) = Dale501000) di+ o),
where Y, (z,z) = %"Yn(z,x). Therefore,

Talei) = Zulon) e | (Calei) = Culz:5)) 0(0) di-+ o(1)

Zuo) = 5= [ 60) (o) = Faln2) d
L / o) [ () / 6(12) (Cu(Zp1 Zna) — Conlzprs Zp)) i
Za(6) / 0(12) (Ca(Zyr 22) — Oy ) sz | dp + 0(1)
= 42 %/ / ¢(11)9(12) [Cn (215 Zpa) + Cn(Zuss 2

_Cn(zul ) Z#Q) - Cn(zm ) Z,uz)] dpadpn + o(1)

= —2Zn(Pn) V(o) + o(1).

To find the limit of V},(¢,n), we shall calculate limit of [C, (2., Zus) + Cn(Zu1s Zus) — Cn(Zp1s Zus) —

Cn(Zu,, Zp,)] @s n — oo. Using (A.5) and (A.6),

_ L+ E[B(z)EbE1 {A(2)A°(2)}]  E[bnE1{A%(2) B°(24)}]

Dn(z:2) = IE2[A( JE2[A(z,) T EAG)EMAG)]
_EQEA?I;[; B[y Z:IG D)+t gj;a ()G (2,)
b (>ﬁ(zﬂ>])}‘E2[A<z>]lE[A<zu ) [nuzef e
A )+ i)

18



2.2. PROOF OF THE THEOREM 2.1.1

Now using (A.7), we get

‘E [;m(z)m(@)} ] ‘ <L NaY 6? aY 6l =o <b1n> .

n i€l i€l

Letting n — oo, using (A.13) we have

lim Dy (2 20) = F2(2)f2(2) (1 + 2f'(2,.)) {hm E[T,] + 02 + s4 lim 721@[ J(2)6W (2 )}]

n—o00
i€ly

)
n—0o0
TL
i€l

(2.28) +f2(z)f<z”)dj [hm E[T,] + k4 nl;r&— ZE{ (1)< )GEZ)(zu)]
where

1)
To=5- l%;l Gy; Z)-
Since Var(G;;) = O(1/by,) (see (A.7)), we have
Jim =S E[GPE6 (0] = m - SR [6P )] B[6P0] = 2/()7 ().
bn i€l bn i€l

We shall show in the Appendix (A.0.1) that

VS
(2.29) nh—>H;oE [T] =3 / / &=y =2 F(z,y)1{zzyy drdy,
where

U—'LL3

F(z,y) =2 d
(Jf'?y) 100 2(1 . u2)2 + u2($2 + y2) — u(l + u2)xy %

where © = 223 Therefore
S M

lim Gz 2) = 1_2}2() [£2(z) P2 (2) (1 + 27 (2,,)) Tim E[T,]
+ fz(zm)f(zm) lim d E[Tn] + UQfQ(zm)fQ(zm)(l + 2f/(zu2))

N—00 dzm

26 { P ) (04 21 o))+ ) ) ) |
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2.3. NUMERICAL SIMULATIONS

Hence
V(¢) =lim lim V,,
(¢) =l lim_ V2 (¢, 7)
2 2

_ K /2*/i 4-p? 02 /2ﬁ pg(p)
1672 2v2 /8 — u 2v2 /8 — u?
/ / B 26 PF(y)

¢(p1) p29(pi2)
sdpidps drdy.
/ /2\[ (x — 1) 8 u%(a;—,ug) /8 — 3
This completes the proof of (2.10) and the proof of Theorem 2.1.1. O

Recent development

After submission of our result, M. Shcherbina [Shcl5] improved our result by removing the

restriction b, >> y/n and proved it for all b, which satisfies b, — oo and %" — 0 as n — oo.

2.3. Numerical simulations

Numerical simulations show that the CLT is true for any bandwidth b, as long as b, — oc.

Here is what we found in MATLAB simulations.

05 0 05 E E 05 o 05
Linear Eigenvalue Statistics Linear Eigenvalue Statistics

(a) n = 2000, b,, = n%2. (b) n = 2000, b, = n4.
Fourth moment /(variance)?=2.92 Fourth moment /(variance)?=2.71

In the following example we had taken a different test function.

20



2.3. NUMERICAL SIMULATIONS

T Fistogran
—— Density

05 0
Linear Eigenvalue Statistics

(a) n = 2000, b, = n°6.
Fourth moment /(variance)?=2.57

1 T
I Histogram|

—— Density

05 0 05
Linear Eigenvalue Statistics

(b) n = 2000, b,, = n°8.
Fourth moment /(variance)?=2.91

FIGURE 2.2. The eigenvalue statistics was sampled 400 times. The test function

was ¢(z) = V16 — 22.

T Histogran]
——— Density 1|

E 4
; 05 o 05 i s

Linear Eigenvalue Statistics
(a) n = 2000, b, = n°2.
Fourth moment /(variance)?=3.08
T Hisiogran]

—— Density

0 05
Linear Eigenvalue Statistics

(c) n = 2000, b, = n°°.
Fourth moment/(variance)?=3.00

T
T Histogran]

—— Density

05 0 05
Linear Eigenvalue Statistics

(b) n = 2000, b,, = n%4.
Fourth moment /(variance)?=2.94

05 0 05
Linear Eigenvalue Statistics

(d) n = 2000, b,, = n°8.
Fourth moment /(variance)?=3.08

FiGure 2.3. The eigenvalue statistics was sampled 400 times. The test function

was ¢(x) = e~
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CHAPTER 3

Empirical Spectral Distribution of Singular Values

In this Chapter, we shall prove the Marc¢enko-Pastur law for random band matrices. Ginibre
[Gin65] showed that if M = ﬁX , where z;;, the entries of X, are i.i.d. complex normal variables,
then the joint density of A1,..., A, is given by

FOu ) = [N = |2He*"|A|
i<j

where ¢, is the normalizing constant. Using this, Mehta [Meh67] showed that the ESD g, of
M converges to the uniform distribution on the unit disk. Later on, Girko [Gir84, Gir85] and
Bai [BT97] proved the result under more relaxed assumptions, namely under the assumption that
E|X;;|® < oo. Proving the result only under second moment assumption was open until Tao and
Vu [TV08, TVK10]|.

Following the method used by Girko, and Bai, the real part of the Stieltjes transform m,,(z) :=

1 n 1 :
- Zz’:l 3z can be written as

X — 2I)(-L X — 2I)*. Secondly the characteristic function of ﬁX

where v, (-, z) is the ESD of (= NG

v
satisfies [Gir85, section 1]

// iwtvy) )y (d, dy) = uz4+;) // [/ log;wn(dx,z)] et dtds,
s

for any uv # 0, and where z = s + it.
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3.1. MAIN RESULTS

Thus, finding the limiting behaviour of v, (-, z) is an essential ingredient in finding the limiting
behaviour of g, (-,-). In this Chapter, we will focus on finding the limiting behaviour of v,(-, z)
for random band matrices so that it can be used for finding the limiting behaviour of p,(-,-) for
random band matrices.

We consider the limiting ESD of matrices of the form Wlﬂ(R + X)(R+ X)*, where X is an
n X n band matrix of bandwidth b, and R is a non random band matrix. Silverstein, Bai, and
Dozier [Sil95,SB95, DS07] considered the ESD of (R + X)(R + X)* type of matrices where X
was m X n rectangular matrix with i.i.d. entries, R was a matrix independent of X, and the ratio
M — ce(0,00).

This Chapter is organized in the following way; in the Section 3.1, we formulate the band matrix
model and state the main results. In Section 3.2, we give the main idea of the proof. In Section
3.6, we prove two concentration results which are the main ingredients of the proof. We shall use

the tools from the Chapter A .

3.1. Main Results

DEFINITION 3.1.1 (Periodic band matrix). An n x n matrix M = (m;;)nxn is called a periodic
band matrix of bandwidth b, if m;; = 0 whenever b, < |i — j| < n — by,.

M is called a non-periodic band matrix of bandwidth b,, if m;; = 0 whenever b, < li — jl.

Notice that in case of a periodic band matrix, the maximum number of non-zero elements
in each row is 2b, + 1. On the other hand, in case of a non-periodic band matrix, the number
of non-zero elements in a row depends on the index of the row. For example, in the first row
there are at most b, + 1 non-zero elements. And in the (b, + 1)th row there are at most 2b, + 1
many non-zero elements. In general, the ith row of a non-periodic band matrix has at most
b+ ilgi<p,+13 + (0n + D)1y, 11<icn—p,) + (n + 1 —4)1(>,_p,) many non-zero elements. In any
case, the maximum number of non-zero elements is O(by,). In this context, let us define some index

sets.
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3.1. MAIN RESULTS

Let M = (mjj)nxn be a random band matrix (periodic or non-periodic), then we define

I; = {1 <k < n:mj are not identically zero},
(3.1)
I, = {1 < j < n:mj are not identically zero}.
Notice that in case of periodic band matrices, |I;| = 2b, + 1 = |I}| for all j and k. Now we
proceed to our main results.
Let X = (2ij)nxn be an n x n periodic band matrix of bandwidth b,,, where b,, — 0o as n — oo.

Let R be a sequence of n x n deterministic periodic band matrices of bandwidth b,,. Let us denote

Cn := 2b, + 1 and pps be the ESD of M. Assume that
(a) pa pp- — H, for some non random probability distribution H

(b) {zjr: ke lj, 1 <j<n}isaniid. set of random variables,

(3.2)
(¢) Elz11] = 0,Efjan ] = 1,

1
and define (d) Y = — (R + 0X), where o > 0 is fixed.

Ven
For technical convenience, we assume the band matrices X and R are periodic. However, the
following results can easily be extended to the case when the band matrix is not periodic. We will
discuss it in the Section 3.5.

Let M be an n x n matrix. For convenience, let us introduce the following notation

{Ni(M) : 1 <i<n} = eigenvalues of M,

m; = (mlj, maj, ... ,mnj)T

It is easy to see that MM* =37 m;m}.

DEFINITION 3.1.2 (Poincaré inequality). Let X be a R¥ valued random variable with probability
measure p. The probability measure p is said to satisfy the Poincaré inequality with constant m > 0,

if for all continuously differentiable functions f : R¥ — R,

Var(f(X)) < TE(VA(X)P).
24



3.1. MAIN RESULTS

It can be shown that if y satisfies the Poincaré inequality with constant m, then u ® u also
satisfies the Poincaré inequality with the same constant m [GZO01, Theorem 2.5]. It can also be

shown that if ;1 satisfies Poincaré inequality and f : R¥ — R is a continuously differentiable function

then
vm
(3.) Pu(f ~ BuDI > 0) < 2K exp (- =),
V2[IV £zl
where K = — 3> .5 2¢1og(1 — 27%71) [AGZ10, Lemma 4.4.3]. For example, Gaussian random

variables satisfy the Poincaré inequality. Below, we formulate the main theorems of this Chapter.

THEOREM 3.1.3. Let Y be the same as (3.2). In addition to the ezisting assumption, assume

that

(i) (logn)? = O(cn)
1t) H is compactly supported
(i1)

(¢43) Both R(xi;) and I(xi;) satisfy the Poincaré inequality with constant m.

Then Elmy,(z) — m(2)|?> — 0 uniformly on the compact subsets of z € {z : 3(z) > n} for fized

n > 0, where my(z) = %Z?:l()\i(YY*) — 2)71 is the empirical Stieltjes transform of YY*, and

m(z) = Jp d:f—_(? is non-random. In particular, the ESD of YY* converges in L? norm. In addition,

m(z) satisfies

_ dH (t) +
(3.4) m(z) = /R Hg+m(z) 0t otm(2)): for any z € CT.

In particular, the above result is true for standard Gaussian random variables. The Poincaré
inequality in the Theorem 3.1.3 simplifies the proof significantly. A similar result can also be
obtained without using the Poincaré inequality. However in that case, we prove the theorem under

the assumption that the bandwidth grows sufficiently faster. The theorem is formulated below.

THEOREM 3.1.4. Let Y be the band matriz as defined in (3.2). In addition to the existing

assumption, assume that

1) - — 0
(i) 0.
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3.2. PROOF OF THE THEOREM 3.1.4

(i) H is compactly supported

(#1) B[|z11|*] < oo, for somep € N.

Then Elmy,(2) — m(2)|?* — 0 uniformly on compact subsets of z € {z : 3(2) > n} for fived n > 0,

and the Stieltjes transform of p satisfies (3.4).

REMARK 3.1.5. If ¢, = n®, where a > 0, then the convergence in Theorem 3.1.3 is almost sure.
And if ¢, = n? where 8 = % + ﬁ, then the convergence in Theorem 3.1.4 is almost sure. We will

discuss about it at the ends of the Sections 3.2 and 3.3 respectively.

Notice that if we take R = 0 and ¢ = 1, then H is supported only at the real number 0. In

that case, (3.4) simplifies to
m(z)(1+m(z))z+1=0,

which is same as the equation (1.3) for v = 1. The figure 3.1 shows some numerical evidence of
Marc¢enko-Pastur limit law for random band matrices with i.i.d standard Gaussian entries.

Proof of the Theorem 3.1.4 contains the main idea of the proof of both of the theorems. Main
structure of the proof is similar to the method described in [DS07]. However in case of band
matrices, we need to prove a generalised version of the Lemma 3.1 in [DS07], which is proved in
the Propositions 3.6.1 and 3.6.3. In addition, Lemma 3.6.2 gives a large deviation estimate of the
norm of a random band matrix.

Also, it is not necessary for H to be compactly supported. We can truncate r;; at a threshold
of log(cy,) and have the same result as the Theorems 3.1.3 and 3.1.4. However in that case, we need
the bandwidth ¢, to grow a little faster; log(c,) times faster than the existing rate of divergence.

We will discuss it in the Section 3.4.

3.2. Proof of the Theorem 3.1.4

Let us define the empirical Stieltjes transform of YY* as m, = 23" (\(YY™) — 2)7 1 It

is clear from the context that m, depends on z. But, we omit it hereafter to avoid unnecessary
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3.2. PROOF OF THE THEOREM 3.1.4

I Histogram

Marchenko-Pastu|

2 25 3 35 4 45 5
Squared Singularvalues

(a) Bandwidth = 7000%-3; Non-Periodic band matrix

3 T
I Histogram

Marchenko-Pastu|

2 25 3 35 4 45
Squared Singularvalues

(b) Bandwidth = 7000°-5; Periodic band matrix

W Histogram

Marchenko-Pastu|

1.5 2 25
Squared Singularvalues

(c) Bandwidth = 7000°"; Non-periodic band matrix

I Histogram

Marchenko-Pastu|

15 2 25
Squared Singularvalues

(d) Bandwidth = 7000°-; Periodic band matrix
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3.2. PROOF OF THE THEOREM 3.1.4

notational complexity. Let m : C; — C be a complex analytic function and o > 0. Define

-1

(3.5) fro(m,t) = —(1+c*m)z| , z€Cy,teR.

1+ 02m
Proof of this theorem is organized as follows;
(1) mp = [ fz0(my,t) duRR*/Cn(t) + o, such that a2, — 0. Hereafter, || X||, := [E[X]q]l/q.
(ii) For a sufficiently large 3(2), {mpn}, is Cauchy in L?’. Therefore, there exists m such that

|y, — mll2p — 0 as n — oo.

(i) [[f Foo (0, t) dippe o, (8) = [ Foo(m, )dH (2)]],, = 0.

(iv) Therefore, we have

|%—/ﬁAmwﬂw>

SW%—mMﬁM/ﬁAmﬂ@mw%®—/ﬁAmﬂﬂW)

2p 2p

+ llanllzp = 0.

As a result, we have m = [ f. ,(m,t) dH(t) almost surely.
(v) Solution to the equation m = [ f, ,(m,t) dH(t) is unique. Since solution to this integral

equation is unique, m is non-random.
The above mentioned method is summarized from [DS07]. However, the band structure plays

a role in the technical parts of the proof of ||y, |2, — 0.

We introduce the following notations which will be used in the proof of the theorem.

RE* )

A= —— nd
(1 o%m) ozm
B=A-—zI
C = YY* — 2zl
(3.6) C= O
1< . . 1 & _
mq(f) —n Z [Ai(YY - y]y]) - ZI] ~n Z()‘i(CJ)) !
i=1 =1
Aj = iR _ _ 2amW) T
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3.2. PROOF OF THE THEOREM 3.1.4

Since YY™* = z;‘:l Yy;y;, we observe that A;, B;, C; are independent of y;. This will become useful

in several estimates; in particular, in the proof of Proposition 3.6.1.

REMARK 3.2.1. We notice that the eigenvalues of B are given by m;\iﬁmn — (1+02%my,)z, where

dH(t)
t2m7(1+02m)z

can be thought of as %trB_1 for

;s are the eigenvalues of C%LRR*. Therefore, fR
1

large n. So heuristically, proving the theorem is same as showing that %trB ~1_m, - 0asn — co.

Let us define

1
Qp =My, — —trB7 L.

It is easy to see that my, = [ f. o (mn,t) digg« /e, (t) + an, where f. 5(m,t) is defined in (3.5).
We first show that ||ay|l2p — 0 as n — oo.

Using the definition (3.6) and Lemma A.0.6, we have
I+207"=YYy*C™!

n
=Y iy
j=1

Taking trace, and dividing by n on the both sides, we obtain

n xv—1
o=~y vi% Y
n =
n o 1+ijj_1y]’f

(3.7) = —fz 1—|—ij

Using the resolvent identity,

“l_ct=BYyy*—Aa)C!

1 1
= B ' |RR*+0RX*+0XR' +’XX*— —— RR"+ ¢,0%z2m, | C*
Cn 14 o2m,
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3.2. PROOF OF THE THEOREM 3.1.4

c 1
7']7“ +0’r’jx —i—aa:]r + o2 mjxj — 7:1+y*01y02] c L.
Jj~3 9

723

1—i—02

Taking the trace, dividing by n, and using (3.7), we have

1 -1 1 o’my, s ~—1 | p | S R
ﬁtrB _mn:njzl[l—i-amc rC "B~ C—ijC B Tj+aarj0 B x;
1 1 1
+—a2x;'folB*1xj - 7—02tr0 1p—t
1 n
(3.8) = > [T+ Toj+Tsj+Tuj+ Tl

J=1

For convenience of writing 7; ;s, let us introduce some notations

1 1
_ xv—1,. . * .
pj = - erj T, Wj= o? T C zj,
mn

Cn
1 1
L ko y—1 = * o v—1

Bj = C—aerj xj, V= - aa;jCj T,
n mn

~ 1 xv—1p—1 ~ 1 1p-1

(3.9) pj=—r;C; B rj, W= —o? 2;C; B xj,

c J c
mn n

1 1
N e et B » Sl B e e e B s e |
Bj = - O'TJC]» B xj, A= - aa:jCj B
n n

1
aj =1+ —(rj +02;)"C; (rj + 0wj) = 1+ pj + B + 75 + wj.

Cn
Using Lemma A.0.6 for C' = C; +y,y; = Cj + é(’rj +oxj)(rj+ox;)* and the above notations,
we can compute

1 o’m, .1
_ — |75C B g — — 1 C i C BT
Li cn 1+ o2m,, [T] J aj "j YiY;

1 a’m e 1
= —7; a;r;C; B~ — —r;Cy 1(r]rj +orjx; + ox;r; + o, z;)C; 1p-1
cpoy 1+ o0°my, J Cn, J

1 o’my, R R R R R
= o T+ o2 [jpj = (pids + piYi + Bibi + Bii)]
1 o%my,

= gjm[( + 75 +wj)pj — (pj + B5)7;]-
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3.2. PROOF OF THE THEOREM 3.1.4

Similarly,
Ty = O}j[(l +pi + 8% — (v +wi)psl,
Ty = ;[(1 +75 4+ wi)Bj — (pj + By,
Ty = ;j[(l + pj + B) — (v +wi)Bjl,
and,

11
T5,j == _770_21.}1_0—13—1'
Oéj n

Using the equations (3.7) and (3.8) and the above expressions, we can write
1 11 1 ) R
EtTB —mn:gzafj [M(U M, — Y — wWj)Pj

1

3.10 —_—
( ) 1 +U2mn

N 1y
(14 pj + Bj + o®mp)¥; + B + & — 502‘51"0 'B71.

We would like to show that the above quantity converges to zero in L? as n — oco. So, we start
listing up some basic observations now.

Since z;; are i.i.d. and E[|z;;|?] = 1, by the SLLN,

1 1
7tI'XX* = — Z ’.CIZ‘Z']"Q a;sy 1.
e nen =
li—j]<bn

So, 11 y v« is almost surely tight. Using the condition (3.2)(a) and Lemma A.0.5 we conclude that

uyy= is almost surely tight. Therefore,

As a result, for any z € CT, we have

3(2)
S(zmy,) = dpyy=(N\) >0,
(3.11) /‘A_Z‘z

S(mn) = / ‘f_(i'? dpyy=(N) > S(2)8 > 0.
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3.2. PROOF OF THE THEOREM 3.1.4

Let z =€ C* := {z € C: S(z) > 0}, where J(z) stands for the imaginary part of z. For any
-1

Hermitian matrix M, ||(M — zI)~!|| < 5/. Therefore,

)

—~

1 1
3.12 cl < cl < :
(312) e < 555 1571 < 575
We also have a similar bound for B~!. If ) is an eigenvalue of éRR*, then A\(B) := mA -

(1 + 0%my)z is the corresponding eigenvalue of B. So,

a23(my)

(3.13) NB) 2 SNB)| = | 5 A+ o23(z2mn) + S(2)| > S(2),

where the last inequality follows from (3.11).

We can do the similar calculation for B;. As a result, we have

1
3(2)°

Secondly, we would like to estimate the effect of rank one perturbation on C' and B. More precisely,

(3.14) 1B~ < %

Bl <
3G)’ 1B; || <

we would like to estimate C~1 — C;l and B~ — B;l. Using the Lemma A.0.7, we have

1
-1 _ohl<
O™ =] < oy
(3.15) X ,
_ om0 = = -1 _ o7y «
)mn m, - ‘tr(C’ G| < S0

Using the estimates (3.11) for z € C*, we have

2
1
|2+ 0%zma| > (S(2) + 023 (zmy)| >

11+ o%my,| = >
2| ||

Similarly, we also have |1 4+ a2m(j)\ > C‘\Y‘(Z’T) for z € C*.

Therefore, using the estimates (3.14), (3.15) and the estimate of ||RR*|| from subsection 3.2.1,

we have
IB~ = B; || = 1B~'(B; - B)B} |
< 5ronl® - Bl
~ ST
. 2 1 K 2
(3.16) = |y — )| SRR+ 21 < =7
S(2)] cn(1 4 02my) (1 4 o2my)’)
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3.2. PROOF OF THE THEOREM 3.1.4

Here and in the following estimates, K > 0 is a constant that depends only on p,3(z) and the
moments of x;;.

Now we start estimating several components of the equation (3.10).

3.2.1. Estimates of p; and p;. According to our assumptions, we have 11 pp. — H, where

H is compactly supported. Then there exists K > 0 such that
(3.17) lrjll* = |l < |IRRF|| < Kep.
Using the estimates (3.12) and (3.14), we have

hjl < Ken,  |pjl < Ken,

where K > 0 is a constant which depends only on the imaginary part of z.

3.2.2. Estimates of v;,3;,7; and Bj- Using Proposition 3.6.1 and equations (3.12),(3.14),
(3.17), we have

1 _ _ 2p
Elll*7) = B [25C; 1 (€)',
n
K 1 -1 c 1 1y 2P K A etx,, | PP
< TpE ZE;C]- rjr;(Cj )*:Uj—zntr((?j rjr;f(Cj %) + 55 sz T;Cj Cj r;
cn cin
KnP KnP 1 KnP
< ¥ ||2P 14 < < .
= I S sem S e e S
Similarly, we can show that
KnP
B[] < Sor
Cn

Notice that there are ¢, many non-trivial elements in the vector z; and E[|z11|?]=1. Therefore,
E||z;]|?> = ¢,. Similarly,
Ellz; | < K.
To estimate 4;, we are going to use Proposition 3.6.1, and equations (3.12),(3.14) (3.17), (3.16).

4p

J?;Cj_l(B_l — B-_I)Tj

K w K

~ 4 * Y— _

Ey|7 < E |00 B; |+ E :
mn n
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3.2. PROOF OF THE THEOREM 3.1.4

2p 2
K e e 2 Ketel
= TpE x;C’j lBj 17"]-7“;-‘Bj 1"‘Cj l*xj‘ — :
Cn (ncn) P
K c 2p
—-1p-1 * — 1% ~y—1x% n —-1p-1 * p— 1% y—1x%
< C4pIE z;C; B i B O ntr(Cj B riri B CT)
mn
2r K
—1p-—1 * p—1% ~v—1%
+ ——E|te(C; "B, 'rjr;B; C; ) —
3 j
2Pp2p i i iy J AP

<Knp+K+K<Knp
- C%p n2r  pip — C%p'

Similarly,

KnP

E[J3,[] < =

3.2.3. Estimates of w; and @;. Using the Proposition 3.6.1, Lemma A.0.7 and the estimates
(3.12), (3.14), (3.15), (3.16), we can write

1 2 2p
—E|&; - Ztrc' B!
=P n
2p
1 L o w—1p-1 o —1p-1
= %E 'Cna ijj B~ — ZtrC B
K % —17 -1 P K * ~—1p—1 Cn. 11|
< B[ (BT - B )| + 5B |07 By — SOy B |
n n

K -1 1|, K “1/p-1 1
+ﬁE‘tr(C B +%E‘tr0j (B~ - B-Y)

2p
J J‘

Kn? n K + K Kn?
2 m2p | 20 —  2p °
2P n2p = np2p c2p

Ellx. /2P
< Bl +

Similarly, it can be shown that

L ‘e nP

.
P

1 9 1 o
TE ‘wj — JZmn‘ = TE wj — —trC 1
o*P o*P n

The above completes the estimates of the main components of (3.10). Finally, we notice that
if z € C*, then 3(2y;(Cj — zI)71ly;) > 0. As a result, we have |za;| > |S(2)].
Plugging in all the above estimates into (3.10), we obtain

1<~ Kn? Kn?
é ” Z 2p = 2p — 0.
nj:l Cn Cn

1 2p
(3.18) E ‘ntrB_l — My
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3.2. PROOF OF THE THEOREM 3.1.4

This completes the proof of ||ay|l2p — 0. Now we would like to show that ||m,, — m|l2, — 0 as

n,l — oo. First of all, we notice that

1 1
Mp,t) — my,t) = —
fz,a( n ) fz,a( ) [1+a’t2mn _ (1 + 02mn)z 714_;277” — (1 + J2ml)z]
o2t + 20'2
. (m - ml) (14+02my)(14+02my)
- n

(1+at2mn -1+ UQm")Z) <1+at2ml -+ JQmZ)z>
ot
14 o2my) (14 o2my)

(3.19) = (mp, — M) fz.0(Mn, t) fr.0(my,t) [( + 202] .

Moreover from (3.11), we know that if J(z) > 0 then (zm,) > 0,3(m,) > 63(2) > 0.

Similarly, S(zm) > 0 and I(m) > 03(z) > 0. From (3.13), we have |f, o(mp,,t)| < %%Z) for all

¢t > 0. Similarly, |f. ,(m,t)| < 575 for all ¢ > 0. Therefore,

3(2)

|Z| fzg(mnvt) tfza(mlat)

t) — )| < o?my, — ’ ,

’fz,O(mm ) fz,o(ma )| <o lmy —my _%(2)2 + 1+ o2m, 1+ o2my
RE 1 tfz0(my,t)

< J2|mn - ml|

|

1S3(2)2 0203(2)2 | 1+ 0%2my

2 E 1 2
< o mn —mul 32 T 25322 1+ @+o ml)zfz’”(ml’t)@
B 2
. 2 1 (1+ %) 4
s oma —mil \So5 * s T T S0

Let us define E := {z € C4 : R(z) < 1,3(2) > n}, where n > 0 is sufficiently large such that from

the above we have

(320) Foar i, 0) = fogm, )] < Gl —mtl, 6 < 3.

Thus using the fact that my, = [ f.o(mn,t) duggs /e, (t) + an, we have |[m, —my|lay < 2¢||my, —
mill2p + |lanll2p + [|ail|2p. Since ¢ < 1/2 and ||agll2p — 0 as k — oo, we have ||my,, —myll2p — 0 as
n,l — oo. Since L?(Q) is complete, there exits m : C4 — C such that ||my,(z) — m(2)||2p — 0 for
each z € F. Thus for each z € FE, we can find a subsequence {mnk(z)}nk(z) such that m,,, ()(z) —

m(z) a.s.. Let {z} C E be a sequence such that z; — z* € E°. Then we can construct a
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3.3. PROOF OF THE THEOREM 3.1.3

subsequence {my;} such that my;(z;) — m(z) a.s. for all z;. Since [my(z)| < % for all n, by
Vitali-Porter theorem, we may conclude that my,(z) — m(z) a.s. and uniformly on the compact
sets of C, where m(z) is an analytic function on C; a.s..

Now, we show that the solution of (3.4) is unique. Suppose m,ms : C; — C be two complex
analytic functions such that J(zm;) > 0 and I(zmsg) > 0 and they satisfy (3.4). From (3.20), we

know that for sufficiently large (z) > 0

|foo(mi,t) = foo(ma,t)| = @lmi —mal, ¢ < %

Therefore if both m; and my satisfies (3.4), then we have [my — ma| < 1{my — my| for z € E.
Therefore my = my for z € E. But since mi, msy are analytic functions on C,, we have m; = mo
on C,.

This completes the proof of the Theorem 3.1.4.

From the estimate (3.18), We see that if ¢, = n®, where g > % + %, then Y 7, % < oo0.

Therefore, by Borel-Cantelli lemma, we can conclude that %trB_1 — my — 0 almost surely.

3.3. Proof of the Theorem 3.1.3

Proof of the Theorem 3.1.3 is exactly same as the proof of Theorem 3.1.4. We notice that
we obtained the bound O (%) because of the proposition 3.6.1. Therefore, while estimating the
bounds of several components of equation (3.10), instead of using the proposition 3.6.1, we will use
the Proposition 3.6.3. And by doing so we can obtain that E |21trB~! — mn‘Q = 0O(1/¢p). Which
will conclude the Theorem 3.1.3.

To prove the almost sure convergence, we can truncate all the entries of the matrix X by

64/ % logn. Let us denote that truncated matrix as X. Since x;js satisfy the Poincaré inequality,

P (x| > t) < 2K exp <_ﬁ/75t> :
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Therefore,
- K
P (X ” X) < 2Knexp (—6logn) < —;.
n
Now using the second part of Proposition 3.6.3 and following the same method as described in

Section 3.2, we have

2l

T (logn)?
Since ‘%trB_l‘ M| < |S2]71, we have
1 2l (logn)? K
E||-ttB~! - <K :
’n ' in ] - ch REIREE

If ¢, = n®, a > 0, then taking [ large enough and using the Borel-Cantelli lemma we may conclude

the almost sure convergence.

3.4. Truncation of R

In several estimates, it was convenient when we have bounded r;;. However, we can achieve
the same by properly truncating the random variables. Below we have described the truncation
method by following the same procedure as described in [DS07].

Let \/lchR = USV be the singular value decomposition of R, where S = diag[si,..., sy are
the singular values of R and U, V are orthonormal matrices. Let us construct a diagonal matrix

Sa as Sy = diag[s11(s1 < a),...,8,1(sp, < a)] and consider the matrices R, = US,V, Y, =

\/%(Ra + 0X). Then by Lemma A.0.9 we have

2 R R
vy — pyoyzll < rank( = >
« n \/Cn \/Cn

2 n
i=1
= 2H(a?,0),
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3.6. TWO CONCENTRATION RESULTS

If we take o — oo for example a = log(c,) then ||y y+ —piy,y+|| = 0. So without loss of generality,

we can assume that ||r;||? < ||RR*|| < ¢, log(cy,). In that case, we have
lrl1* = llrjr5 |l < IRR|| < cnlog(cn)-
So using the estimates (3.12) and (3.14), we have
|65 < Kenlog(en),  |psl < Kenlog(cn),

where K > 0 is a constant which depends only on the imaginary part of z. Similarly, all the
places in the proof of Theorem 3.1.4 we can replace the estimates ]rjr;-‘\ < K¢, by the estimates

\rjr;»‘\ < Keylog(ey).
3.5. Extension of the results to non-periodic band matrices

The result can easily be extended to non-periodic band matrices. We observe that for the
purpose of our proof, the main difference between a periodic and a non-periodic band matrix is the
number of elements in certain rows. In the case of a periodic band matrix the number of non-trivial
elements in any row is |[;| = 2b, + 1 = ¢, which is fixed for any 1 < j < n. Therefore, in the
definition (3.9) we divide by ¢,. For a non-periodic band matrix |I;| = b, + il{i<p, 41} + (bn +
D1, +1<icn—bn)(m+1—i)1g>n 5,1 = O(bn). Once in the definition (3.9) and in the Proposition

3.6.1, Proposition 3.6.3 if we replace ¢, by |I;|, everything works out as before.

3.6. Two concentration results

In this Section we list two main concentration results which are used in the proofs of the

Theorems 3.1.3, 3.1.4.

PROPOSITION 3.6.1. Let M be one of C;I,Cj*lijl, and N be one of C’;lrjr;C;l*
or C’j_lBj_lrjr;-‘Bfl*Cj_l*. Let xj be the jth column of X as defined in Theorem 3.1.4. Let us also

assume that E|x11|* < co. Then for any I € N,

E o Asa Cn 21 I
x; a:j—;trM < Kn

2l
E|z;Nz; — C—ntrN‘ < Kn'|rjri)/?
n

J
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3.6. TWO CONCENTRATION RESULTS

where K > 0 is a constant that depends on l, J(z), and the moments of x;, but not on n.

PROOF. From the estimates (3.12) and (3.14) we know that HCJ_IH < 1/|S(2)| and ||BJ_1|| <

1/|S(2)|- So, for convenience of writing the proof, let us assume that [[M|[| <1 and ||N[| < [[r7}]].

Also without loss of generality, we can assume that j = 1, and recall the definition of I; from (3.1).
We can write M = P + i(), where P and () are the real and imaginary parts of M respectively.

Then we can write

c 2 c 2 c 21
E|ziMz; — —ntrM‘ < 921 x]Pry — —ntrP‘ +22-1R riQr — —trQ| .
n n n

We can write the first part as

2l
* Cn 2 * ‘n
j@iPay = LwP| = |aiPa = 3 Pt Y Pi— trP
kely kely
21
2l
< 321 Z(mky? —1)Py.| +3%7'E Z PiT1m1
kel sl
uj€l
2l
C
+ 321 P — Z2trP
> A

kel

=: 321_1(5’1 + Sy + Sg)

Following the same procedure as in [SB95|, we can estimate the first part. Note that ||[P™] <
|P||™ < ||M||™ < 1 for any m € N. In the expansion of [Zkell(’$1k|2 - 1)Pkk]2l, the maximum

contribution (in terms of ¢,,) will come from the terms like

Y (P =D (e = 1) (Paiy - Pua)?,
ki,....kiely

when all i1,...,7 are distinct. Note that (P;,;, - "Pz‘m)2 < 1. Consequently, expectation of the
above term is bounded by K cfl, where K depends only on the fourth moment of x;;. Therefore,

2l

51 = E Z(’wlk‘Q — 1)Pkk § Kcil,
kel
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3.6. TWO CONCENTRATION RESULTS

where K depends only on [ and the moments of z;;.
Since C O 1B O rlrlC X or Cy B1 rlrlB cor I* are independent of 1, for the sec-

ond sum we have

E E[Piljl T BQZj?l]E[‘Tlilxljl o '$1i2l$1j21]'
FJL, 2 F T2
01,J1,--y820,020 €11
The expectation will be zero if a term appears only once and the maximum contribution (in terms

of ¢,) will come from the case when each of z1; and Z7; appears only twice. In that case, the

contribution is

Z l1]1 Z Zl]l — n’

1171 UFEh
11,J1€0 i,q€h

where the last inequality follows from the fact that > = tr(LPLTLPTLT) < ¢,, where

Z]EI
L, «n is the projection matrix onto the co-ordinates indexed by 1. As a result, we have
21
Sy =E Z Pjanry;| < K,
7]
i,j€l
where K depends only on [ and the moments of z;;.

To estimate the S3, we can write it as

2l 2l 2l

C _ _ C
> Pu— ;"trP = 27Y Py -E) Pu| +2°EDY Pu— ;ntrP
kel kel kel kel

Since |Pux — E[Pe]| < [(CTHrk — E[(CTY)rr]|, from Lemma A.0.11 we have exponential tail bound
on
‘Zkell P —E> rer, Pyi|. As a result

2l

(3.21) E[Y Pu—EY Pu| <Kn

kely kel

where K depends only on [.
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3.6. TWO CONCENTRATION RESULTS

Since z;; are ii.d., for any choice of M we have E[mi;] = E[m;]. Which implies that
E[> ker, Pex] = E[trP]. Therefore, from Lemma A.0.11, we have

21

Cn C?Ll 21
Ek; Py — —trP| =~ [E[trP] — trP|
1

c2l

2
<K < Kd

n
n "
where K depends only on [. Hence we have
Sz < K(nl+ ).
Combining all the above estimates we have
* Cn 2 l
E|ziPx; — —trP| < Kn
n

Repeating the above computation we can do the same estimate E ‘f{Qxl — %trQ‘zl < Knl. This

completes the proof.

LEMMA 3.6.2 (Norm of a random band matrix). Let X be same as in the definitions (3.2), x;;
satisfy the Poincaré inequality with constant m, and c, > (logn)?. Then E| X X*|| < Kc2 for some

universal constant K which may depend on the Poincaré constant m. In particular, if the limiting

ESD of éRR* i.e., H is compactly supported then E||YY™|| < Key,.

ProoF. We will follow the method described in [Tro15, MJC" 14, Tro12] and the references
therein. The analysis becomes somewhat easier if we assume that all non-zero entries of X are
standard Gaussian random variables. However, the Gaussian case contains the main idea of the

analysis.
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3.6. TWO CONCENTRATION RESULTS

Case I (z;;, are standard Gaussian random variables): Using the Markov’s inequality, we have

1 1 1
P (HXX*H > t) <e'E [exp <HXX*H>] <e'E [trexp <XX*)] .
(&% Cn Cn

To estimate the right hand side, we will use the Lieb’s theorem [Lie73, Theorem 6]. Let H be
any n X n fixed Hermitian matrix. From Lieb’s theorem, we know that the function f(A4) =
trexp(H + log A) is a concave function on the convex cone of n x n positive definite Hermitian
matrices.

Let us write éXX* = > p_1 Tkxy, where x, is the kth column vector of X/,/c,. Then using
the Lieb’s theorem and Jensen’s inequality, we have

1 1= 1
E|t — XX t — r+1 — .
[ rexp (Cn ) r exp <c Zxkxk + log exp <Cn:cnxn>)

" k=1

1‘1,...,1’”_1:| =E

1y 7$n—1]

-1
15 1
< trexp [ g xrrr, + log E exp <xnac;;>] .
Cn Cn
k=1
Proceeding in this way, we obtain

1 & 1
E [trexp <XX*>} < trexp [Z log E exp (ZL’ML‘Z)] .
Cn Cn

k=1
Therefore,
1 * —t . 1 *
(3.22) Pl —[XX*|>t) <e ‘trexp ZlogEeXp —xzy || -
“n k=1 “n

It is easy to see that

1 1
exp <C$kx7§> =1+ (Z Z,C,||xk||2<ll>> T},
" =1 """

ellael2/en _

[
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3.6. TWO CONCENTRATION RESULTS

where A < B denotes that (B — A) is positive semi-definite. Since {jx}1<p<n, je 1, are independent

standard Gaussian random variables, we have
E [elorl/eng ] =0, if j #1

—(ent1)
eooian] - (1- 1)

Cn

As a result,

n C
1 n
trexp [Z log E exp <c:ckxz>] <n <1 + ;)
mn n

k=1
Substituting this estimate in (3.22), we have
1
(3.23) P <||XX*H >t + log n) < efpe~(tHlogn) — gept,
Cn
As a result,
1 N & 1 N
Lrpxxp= [ p(L1xx) > u) du
Cn, 0 Cp,
logn [%S) 1
S/ du+/ IP’(HXX*H>t+logn> dt
0 0 Cn
<logn + e° < Kc,.

This completes the proof.

Case II (z;;s satisfy the Poincaré inequality): First of all, let us write the random matrix X
as X = Xi + 11Xy, where X; and Xs are the real and imaginary parts of X respectively. Since
| X < | X1]| + || X2]|, it is enough to estimate || X1 || and || X3]|| separately. In other words, without
loss of generality, we can assume that x;; are real valued random variables.

Let us construct the matrix

X O
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3.6. TWO CONCENTRATION RESULTS

It is easy to see that || X|| = || X||. Therefore, it is enough to bound E||X||2.

We can write X as

n
X = Z Z Tij(Bin+j + Entji),
i=1 jel,
where E;; is a 2n x 2n matrix with all 0 entries except 1 at the (4, j)th position. Proceeding in the

same way as case [, we may write

n

1 5 _ 1
(3.24) P <ﬁHXH > t) < e trexp Z Z log E exp <W$ij(Ei7n+j + Enﬂ-,i))
n i=1 jeI; n

0
Let us consider the 2 x 2 matrix H = K , where « is a real valued random variable. We
Y
can decompose H as
111 1 0 1 1
H=- 7
201 1o —y|]1 -1
As a result,
111 1 e’ 0 1 1
exp(H) = 5
211 1 0 e | |1 -1
Therefore,
1 1 log Ee” 0 1 1
log E[exp(H)] = 5
211 -1 0  logEe™ 1 -1

1| log[Ee"Ee™"] log[Ee”/Ee™7]
2 | log[Ee?/Ee™7]  log[Ee"Ee™"]

Since x;;s are i.i.d., let us assume that all z;; have the same probability distribution as a real valued

random variable . Then proceeding as above, we can see that

1 1 e
log E exp <ﬁmij(Ei’n+j + En-i—j,i)) = 5 log[EeWﬁEe ’Y/\/TL](EH + En+j,n+j)

n
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1 - c
+ 5 log[]EeW/\/?”/]Ee ’Y/\/TL] (Ei,n+j =+ EnJrj,i)-
Therefore,

n
1
Z Z log E exp (ﬂfij(Ei,nJrj + EnJrj,i)) = %n log[Ee™/VerEe7/Ver] 1
i—1 jel, Ven

n

1 _
+ 3 logEE VT [Be V] Y S (Eigin + Ejin)
=1 jel;
From the Golden—Thompson inequality, if A and B are two d x d real symmetric matrices then
treAt B < tr(edeB).

In our case, let us take

A= log[Ee"/VEEe Ve 1

]' C — Cn &
B = 3 log[EeWﬁ/Ee 'Y/\ﬁ] Zl ;(Ei,j+n +Ejini)
=1 jel;

Then

et = [EeW/ﬁEeM’/ﬁ]Cn/Q 1.

n
1
trexp | YD logEexp <?xij<Ei,n+j + Em,z-))
i=1 jer "

< tr H[Eew/mEeﬂ/\/a]ncm} es}

< {[EVER V2] el

It is not difficult to see that szzl ngi (Eijin + Ejini)

< ¢p. Combining all the estimates

and plugging them in (3.24) we obtain

p( 1 X > t> < ne R/ Ven e/ Ven on 2[R/ Veon [ReV/Ven]en/2

NG

=ne ! {EeW/ﬁ}cn .
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From the concentration estimate (3.3) we have that P(|y| > t) < exp{—t\/m/v/2}

E[eV/\/a]—/ IP’( 7 >10gt> dt
0

NG

oo

1
g/ P (y > /cplogt) dt+/ P(y > y/cnlogt) dt
0 1

<1 +/ t—Vmen/V2 g
1

As a result,
1 ~
P —|X]| >t) < neteV2en/vm,
(10> 1) < nerte T
Therefore,
1 -
—E||X|? < (logn + v2¢,/vm)* < Ke,,.
Cn
O

PROPOSITION 3.6.3. Let M be one of C’;l,C]lejfl,lerjr;fC’fl* or C{llerjr;B_l*Cfl*,

and x; be the jth column of X. In addition, let us also assume that the random variables x;; satisfy

2

the Poincaré inequality with constant m, and ¢, > (logn)*. Then we have

c 2
E ac;fMacj — ftrM‘ < Key,

where K > 0 is a constant depends on (z), o, and the Poincaré constant m. Moreover if the

entries of of the matriz X are bounded by 6/ % logn, then

" cn ool I 2l
E|ziMz; — ;trM’ < K¢, (logn)*,

K > 0 depends on l, (z), o, and the Poincaré constant m.

PROOF. Let us first prove this for M = C’j_1 = (YY" —yjy; — zI)~1. Since z;; satisfy the
Poincaré inequality, they have exponential tails and consequently they have all moments. As a

result we can repeat the same proof of Proposition 3.6.1. However, notice that in Proposition 3.6.1
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3.6. TWO CONCENTRATION RESULTS

we are getting the order n! instead of ¢l solely because of the estimate (3.21). So, it boils down to
obtain an estimate of O(c,,) for (3.21) when z;; satisfy Poincaré inequality.
Since x;; satisfy the Poincaré inequality we can write
2
1 oM oM,
M <=-) E PP E e

D My | <o) Zaxst SR S

pEl; st pEl; st p€El;
where £ > 0 is the constant of Poincaré inequality. Let my := ), 2 Ykil = ézz #(rki +
o) (T + o) be the kith entry of YY™* — y,y;. It is very easy to compute, and done in the

literature in past [JSS16, and references therein], that

8Mm, 1 2
= — M. ;. M, M My, = ——+ M, M,;.
Omu 1+ o [ pkMip + My kp] 140 kpLVipl

Now it is easy to see that

amkl
o1 Z Oks0it 'I"lz + Uﬂflz) = 7(5ks(rlt + O'.Tlt)].{t;,éj}-
Tor  n i#] tn
Consequently,
oM, 25k
Z Wp[) - Z Z : Mkp pl[rlt + Ul‘lt]l{t#]}
pel; " pel; kil
:_7221+5 l[rlt+a$lt]1{t¢j}
pEl;

=—-—— Z Jstlre + Ul“lt]l{t;éj}

where (Mj)sl = %58[ Zpgj Mg, My, and Yj is the matrix Y with jth column replaced by zeros.
Let us construct a matrix (M )nxe, from M by removing all the columns except the ones indexed

by I;. For example, M is the matrix obtained from M by removing (n — ¢,) (i.e., n — 2b, — 1)

many columns of M indexed by b, +2,b,+3,...,n— (b, +1). Clearly ]\ij = M]MJT (the diagonals
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are divided by 2). Therefore, rank(M;) < ¢,. As a result

2

oM, o2 ~ . ~ . o .
(3.25) ZE >3 Tr| < CEa(LYYTM]) < SE(IMPIY;Y7 ) < enakadl

pel;

where in the last inequality we have used the fact that || M. ill < 1/|(2)|. Consequently using
the Lemma 3.6.2, we have

2

oM,
ZEZ xi” < Ke,,

p€El;

oM,

2
Repeating the above calculations for > st E ‘Zpe I Jer| we can obtain the same bounds. Hence

the result follows for M = C._l.
Since ||B]_1H < 1/18(2)] and |[|r;r}]| < Kep, the result follows for C 1B ! C] rir;Cy b
—1p-1 * R—1xv—1
C; B rjriB 1 C; * too.

To prove the second part, we invoke the equation (3.3). Using (3.3), we have

P ZMkk—EZMkk >t | <2Kexp (-
kel; kel

N >
t].
V2V Sker, Mik2loo

From the equation (3.25), we have

20
VY M| < S5z ‘4||YY I

kEI]‘ 2

Since all the entries of X are bounded by 64/ 2 logn, we have|| X X*| < Kc2(logn)?. And we know
that ||[RR*|| < K¢, for large n. Therefore, |YY*|| < Kc,(logn)?. We can get the same bound for
|Y;Y/"[]. As a result,

m
P My — E M| >t ] <2K ——— 1.
3 e 3 M >4 | <2 (g
J J
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3.6. TWO CONCENTRATION RESULTS

Which implies that

2l

ZMkk_EZMkk §Kc%(logn)2l.
kEIj kEIj

Plugging this in (3.21), and following the same procedure as in Proposition 3.6.1, we have the
result.

Observe that the second result of this Proposition is somewhat stronger than the first result, as
it leads to the almost sure convergence (see Section 3.3) and it does not need the help of Lemma

3.6.2. However, the method used in Lemma 3.6.2 is interesting by itself. So we keep it. O
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CHAPTER 4

Other Related Problems

In the Chapter 1, we have discussed about the limiting spectral distribution of Wigner random
matrices and Hermitian random band matrices with i.i.d. entries. In both the cases, it turned
out to be the Semicircle law. In this Chapter, we will briefly discuss about the limiting spectral

distribution of random matrices with correlated entries.

4.1. Elliptic Law

4.1.1. Full Matrices. The Semicircle law holds for symmetric or Hermitian random matrices.
However, if the ijth and jith entries of a random band matrix are correlated but not identically
equal then the limiting spectral distribution of those matrices is no longer the Semicircle law. In

2014, Nguyen, and O’Rourke [NO14]| proved the following result.

THEOREM 4.1.1. Let X = (2j)nxn be a sequence of n x n random matrices such that

(i) (xij,x5) are i.4.d. random vectors, and x;; are i.i.d. random variables with mean zero and
finite variance.
(i) Elz12] = 0 = Elza1], Efjz12]*] = 1 = E[|lz21 ],
(iii) ER(212)%] = p = ER(221)?], E[S(212)*] = 1 — p = E[S(21)?],
(iv) E[R(z12)R(221)] = pp, E[S(212)S(w21)]
m( 3 )

=—(L—pp,
(’U) E[%® 5[312)%(3321)] = VU= ]E[ (:Elg)%(fl,‘gl ]

Let 0 < p <1 and —1 < p < 1 be given, and F be a sequence of deterministic matrices with
rank(F) = o(n) and sup,, #tr(FF*) < o0. Then the ESD of %(X + F') converges almost surely

to the elliptic law with parameter p, which is given by the following pdf

. R(2)? 3(2)2
1 4 <1,
E)(z) = ! (I+p)? " (1-p)* =

0 otherwise.
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4.2. LOCALIZATION-DELOCALIZATION OF THE EIGENVECTORS

In 2012, Naumov [Naul2] proved the above result under finite fourth moment assumption and
for ;1 =1 i.e., for the real valued random matrices. Also in 1985, Girko [Gir86] proved this result
for real valued random matrices under the assumption that the entries have probability density

functions.

4.1.2. Band Matrices. In case of random band matrices, the Elliptic law seems to be true.
Let X = (2ij)nxn be a random band matrix with bandwidth b,,. Let E[z;;] = 0 = E[z;;], E[|z;|%] =
1 = E[|z;i|*], and E[z;jz;] = p for all i # j and min{|i — j|,n — |i — j|} < b,. In the figure 4.1, we
have done some numerical simulations with random band matrices with different bandwidths and
(xij, i) s N3 (0, p), where Ny denotes the standard bivariate Gaussian random variables with
correlation coefficient p. We suspect that when the bandwidth b, >> /n, the elliptic law is true
for random band matrices. But when b, << \/n, there are significantly many real eigenvalues.
However, the nonreal eigenvalues still follow the elliptic law. The figures shown in 4.1 are for
periodic band matrices. Corresponding figures for non-periodic band matrices look the same and

are not included here.

4.2. Localization-delocalization of the eigenvectors

It was proposed by Casati, Molinari, and Izrailev [CMI90] that the eigenvectors of a random
band matrix of bandwidth b, are localized if b, << y/n and delocalized otherwise. Here local-
ization indicates the the number of contributing components in an eigenvector. For example, the
eigenvectors of a diagonal matrix is highly localized. Because the main contribution of such vectors
come only from one component. On the other hand, if all components of a vector are the same
then the vector is highly delocalized. It was proved by Schenker [Sch09] that the eigenvectors are
localized if b, << n'/8, and Erdés et al. [EKYY13] proved that eigenvectors are delocalized when
the bandwidth b, >> n*"5. Recently, Olver and Swan [0S17] have found that a second order
phase transition of localization-delocalization occurs at b,, < %N .

We have done some MATLAB simulations to see the behavior of the eigenvector of band
matrices of several bandwidths. we took a n x n band matrix of different bandwidths. For example,
let us say the band width is n%3. Then we looked at the normalized eigen vectors of that matrix.

For each eigenvector we counted the number of components whose absolute values are more than
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4.2. LOCALIZATION-DELOCALIZATION OF THE EIGENVECTORS

(b) Bandwidth (bn n%3, Covariance
(a) Bandwidth (b,) = n%3, Covariance (p) = 0. (p) =

0.5

(d) Bandwidth (b,) =n
(c) Bandwidth (b,,) = n°5, Covariance (p) = 0. (p) =04.

, Covariance

(f) Bandwidth (bn) 7, Covariance
0. (p) =

FIGURE 4.1. ESDs of random band matrices with size 4000 x 4000.

(e) Bandwidth (b,) = n®7, Covariance (p)

nmor' If less than § components are bigger than WOT, then we call that eigenvector is localized.

Figure 4.2 shows some such simulations.
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4.2. LOCALIZATION-DELOCALIZATION OF THE EIGENVECTORS

0.3 T T T T T 0.2

01

=011

-0.21

—03f

04 L L L L L L L L L L
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000

(a) 6th eigenvector; localized (b) 1200th eigenvector; delocalized

500 1000 1500 2000 2500 3000 "o 500 1000 1500 2000 2500 3000
(c) 1800th eigenvector; delocalized (d) 2970th eigenvector; localized

FIGURE 4.2. 3000 x 3000 band matrix of bandwidth 300094.

The simulations show even some more interesting facts. It seems that the eigenvectors cor-
responding to the extreme (smallest or largest) eigenvalues tend to be more localized than the
eigenvectors corresponding to the bulk eigenvalues. For example, we looked at the eigenvectors
of a 3000 x 3000 random band matrix with varying bandwidth and with i.i.d. standard Gaussian
entries. Let M be a n x n random band matrix with band width n? and with i.i.d. standard
Gaussian entries. It has n many eigenvectors. I mark a vector by a colored dot if it is found to
be localized with respect to the error threshold 1/n"°". In the figure 4.3, d is plotted along the

z-axis and the localized eigenvectors corresponding to the random band matrix of bandwidth n¢

is plotted along the y-axis. The error threshold in the following figures are respectively %, #, n%
and %. It is clear that all the eigenvectors are localized up to certain bandwidth (around n%3° in

the first figure). Then the eigenvectors corresponding to the bulk eigenvalues start delocalizing.
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4.2. LOCALIZATION-DELOCALIZATION OF THE EIGENVECTORS

Localized Eigenvectors

Localized Eigenvectors
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0.5 0.6 0.7

(a) Error threshold:%

000
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(c) Error threshold=-5

Localized Eigenvectors

Localized Eigenvectors
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2500

2000

@
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1500

3
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500
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(d) Error threshold=-

FIGURE 4.3. The colored dots indicate the localized eigenvectors.
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APPENDIX A

Auxiliary Results

PROOF OF PROPOSITION 2.2.2: Let us denote the averaging with respect to {w;;;1 < i <
kor1 < j <n} by Ec; and the averaging with respect to {wyj;1 < j < n} by Ei. Using the

martingale difference technique (see [DFJ68]), we have

Var{v,} < EE :|E§k—1[7n] - Egk[%]ﬂ
k=1

=3 F [[E<i1 [ — Bkl

< E|E<k—1|vm — Ek[’Yn”Q}

Il
=

17 = Exbll?]

£
Il
—

Note that

E [l - Eslall?] = E[ITe(G) - EA[Tx(G)]?]

=E _\Tr<G> —E1[Tr(G)] + Tr(GY) — Tr(GV) ﬂ

~E -‘Tr(G —GW) _E, [Tr(G - G(l))} ﬂ .

From (A.3) we have

1+ B(2)

(A1) (G — GW) = e
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where A(z) = —Gi!, B(z) = (GHGHmM) mM) and GW is defined in (2.16), and m() =
ﬁ(wlg, W13y .- -, U)ln)T. Indeed,
1+ B(z) 1+ B(2)])?
E ||y — Ei[y)*| <E ||———% -E
o - Eabl] < || 528 gy [
<o |- L g [ +op [|BE) g, |BG) i
= Az) | A() Az AR |
Now, by (2.21) and (2.25),
B(2) [B(Z)} ’ B(z) EiB(2)][*
E —E <E —
AR AL T A BiAG)]
B A BJ?
< _ -
=R T EA A
| B |? 2 A |7
< 2E 1 L
=5 _‘Elw TR B4l |
o . : A3 |2 By |2
where A = A — E;[A]. So it is enough to estimate E; ‘m‘ and E; ‘m . Note that
Ao j{anH 4 <G<1>m<1>,m(1>>
1
Al = ———w1; +f Z G whwlj + fZG“ wh) .
\/IT "ien
,J€11
Therefore,
e] 1 1 (1) 1 [¢] (1) o
Eq [|A1\2] =E; b— w? + b—Q Z ngl.)wliwlj Z G,(;)wlkwll + b—QZGS)( i) ZGl(ll)(w%l)
iy k£l nich lel
’]Gll k’lell
o?
_ bi + = b2 Z |G(1) Z |G(1)
i#£] TL 1€y
i,J€0
o 2 2b, | ps—1 2D,
R PAR YR b2 S22
1 24+ 2p4
an < ()
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Now, we want to estimate Eq [\Bf\Q], where B = <G(1)G(1)m(1),m(1)> = <H(1)m(1)’m(1)>7 and
By = B — E1[B]. Therefore,

ZHm 1 Zi(GS))Qv

"ieln bn icl, j=2

and

ZH wiiw; + b ZH wh

i#] 1€lq
iyl

Let us call Cp = E [(w};)° ] Then

EAIB}P) = 3 0 IHYP + 20 S |HYP

T g ’LEIl
7]611

1
=2 Z
i

7]611

C
< 2§:n N2)2 + °2bweﬂwu2

" ieh

2 1 20, 1
=552 T b |32
~ 2(1+ Co)

b |Sz[*

2 2

T 7
’I’L i€y

Z sz kz

> GG

k=2

We also have

2

mi
Eq[A]

2
1
< E
11%42

Note that Ei[A] = 24 ;- Zzell ( ). Since \sG( )'> 0, we have |E1[A]| > |SA| > y. Also, we know

5= a0

that |G£:)| < 1/|3z| = 1/y. Therefore |E;[A]| > |z| — % Combining these we have

2
Bl > max { o] - 2.

o7



Therefore,

2(1+ Cy _ Cy 2+ 2py ElA_2
E IVH_El[ﬁYn”ﬂ SCIM‘EI[A] 24_7 (02 ‘%zlg > ’ |éz]”2

for some C',Co,C > 0 not depending on z,n. This implies

Cn [ 1 1 21\ 2
Var(m) < - <|sz|2+|%z|4> <max{y””“"'y}> |

This completes the proof of proposition 2.2.2. ]

Now, we proceed to the proofs of the asymptotic estimates. All the asymptotic estimates listed

in Lemma A.0.1 and Lemma A.0.2 hold uniformly in the set {z € C : |Jz| > n} for any given n > 0.

LEMMA A.0.1. Let M be an n x n symmetric band matriz as defined in (2.2) which satisfies

(2.3) and E[|w;;[8] is uniformly bounded. Then

(1)

2

(A.3) ¢ _g— 2 (GOm®)’ =

ZG w1

where 2 < i <n, A(z), mY) and G are as defined in (2.14), (2.15) and (2.16).

) [E 6] - Bleae)] - 0 (1)
(iii)

1 1 1 1 1 1
2 _ L 4 _ L 8] _ L
(a4) BGr1 =0 (5 ) o BRI =0 (57 ) o and BIGuP) =0 (5: ) gt
(iv) Let us denote the averaging with respect to {wi;}1<i<n by E1. Then

(A.5)

o o 2 /-@ 1 —
by [A°(20) A% (22)] = o+~ 37 G ()G () + 0 DGR ()G (22)+ -1 (1) ()
"ijen "ien "

where u=1(2) = Yier, (G4 —EIGY (2)]) and L= {1 <i<n:(1,0) € I},
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(v)
(A6) E;[A°(21)B°(20)] = diEl [A°(21) A°(22)] where B(zy) = <G(1)(22)G(1)(22)m(1),m(1)>.

LEMMA A.0.2. Let M be an n x n symmetric band matriz as defined in (2.2) which satisfies
(2.3). Also assume that the probability distribution of wjj satisfies the Poincaré inequality with

some uniform constant m which does not depend on n,j, k. Then

(1)
(A7) Var( (I%G:In Git) = O1) and Var(Gu()) = O <b1n> |
(i)
(A.8) B[4 =0 <bl%> , E[j4F] =0 (b?j/?>
(A.9) E [13014} -0 <b1%)
(i)
(A10)  Var{baEs [A°(21)4°(20)]} = O (b1n> and Var {baEs [A°(21)B°(22)]} = O <b1n>
(iv)
(A1) i -] =0 ()t Elpir] =0 (%).
(v)
(A12) %E TrG(2)] = f() + O (,C&;‘Gbn) where f(z) = i (~z+ V2 8).
(vi)
(A.13) E[A)) ™ = =f(z) + O, ") and E[B(2)] = 2f'(2) + O(b, ).
PROOF OF LEMMA A.0.1: Proof of (i): Suppose (X1, Xs,...,X,) is a n dimensional normal

random vector with a positive definite covariance matrix A~! and a mean A~'h, where h € R™.
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Then we have
1 1

(A.14) / exp |~ 5 (Az, ) + (b, )| dz = (2m)"/|det A7 exp {2<A‘1h, h>} ,
1
2

(A.15)

where z = (x1,29,...,2,)". In particular, for h = 0,

iz exp|—3(Az, )] dz
o (470 = : fexp[i)[é(il(fx)] ;Ld

Now, doing the integrations in (A.16) with respect to all variables except x;, and using (A.14) we

get
. A Lo ) M
exp[—§<AL£>] dr = | exp[— 2 ] eXp[—5<All 2W) — (2101, 2] da
n—1
2m) 2 2 B
= faar e [ el G o (Ao o)
Whel“e Q(l) = (ZL‘27£B3, ey xn)T’ ﬂ — (a12’ a137 el a’ln)T and Al — ((AI)IJ)ZJZQ iS the (n_l)x (n_l)

matrix obtained from A after removing first row and first column, and for i,j # 1, using (A.15)

and (A.14) we get

1
/xixj exp[—i(AL )| dx

2
1
- /eXp[_m;xl]/xﬂj eXP[—§<A1£(1),$(1)> — (z1a1,2V)] dzWdz,

2

_ A11TT ) 1 41 20 4—1 -1 Log ) (W] (D)

- - 1 1 ) -5 L L - y & L
/exp[ 5 ] [(A7)ij + 27(A7 an)i(A] al)j]/exp[ 2<A1$ ) — (z1a1,2")] da' dzy
_ (27T)n51 AN 22(A7 ) (A ag ) _573%
= 7| det A, |12 (A7 )ij + 21(A7 a1)i(Ay a1);] expl o

(a1 — (A7 a1, a1))] day.
Therefore, from (A.16) we get

2 _ﬁ o A—l d
<A_l>z'j _ (A1—1)ij + (Aflﬂ)i(Al_lal)j Jziexpl m22 (a11 — (A} a1, a1))] day
Jexp[=F (a1 — (A7 a1, a1))] day

(ATta1)i(AT ar);

= (A_l)i‘ + — .
P an — (AT ag, an)
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Applying the above formula for A = (M — zI), where z € R, |z| > ||M]|, we obtain

(G(l)m(l))i(g(l)m(l))j
% — 2z —(GMm@) mD)’

n

Gy =G + ij>2,
where m(), G are as defined in (2.15), (2.16) respectively. From the above formula we obtain
Gii—Ggil):— i, for all 2 <i<n,

where A(z) is as defined in (2.14). The above is true for all z € R such that |z| > ||M||. By analytic

continuity one can extend it to the whole complex plane. This completes the proof.

Proof of (ii): Recall I = {1 <i<n:(1,i) € I,}. Now, using (A.3) and (2.21) we have

‘IET [G(l)(z)] —E[Gii(z)]‘ e (G(l)m(1)>2}

i

2

IN

1 1)2, 2 (1) ~(1)
L DG Pt + Y Gyl Giwijwng,
" Jj€h J1#je€lr

1 1 1) ~(1
e DL UG R D DR HE TP
" jeh J1#£je€lr

1 (1)2
- -~ E [Ed
R gezl:l 1j

—_

1
ElGD|I2 < ——.
RE R B W

Proof of (iii): Using the resolvent formula given in [Erd11], we have

G2 = —G22Gg21)Kg2),
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where G is the resolvent of the (n — 1) x (n — 1) minor obtained by removing the kth row and

kth column from the matrix M, K, (12)

= Mmi2 — m(l)G(IQ)m(Q); m(l) = \/Lbin(w]ﬁawllla” . 7wln)7
meg) = V%—n(w23,w24,...,w2n) , G = (M) —zI)il, and M) is (n — 2) x (n — 2) matrix

obtained from M after removing ith and jth rows and columns. Therefore,

[|G12’ |:’G22G(2 K(IQ)‘ :|
1 1 2
2
w12 1 (12)
= ‘\yz"l Z Gij 'LUli'l,UQj
(1>i)v(2;j)61n
i,J7#1,2
1 w%z 1 (12)}2 w2
SwEESZ >t > G Putws;
" ™ (1,),(2,5)€In
1,57#1,2
< 1 1

S | b

1 1 1 b, 1 1
<—FE|l—+5—=|=0(—| ——=,
= [5ap [bn "B %zP] (b) REL
where E<s is the averaging with respect to the first two rows and columns. Similarly, we can prove

that E[|G12‘4] =0 (L) S and IEHG12| | = (é) |%zl|24'

1 12
+ 57 2 1657 PE<alwh E<afu};]
n ij

Proof of (iv): We know that

A(z) = 21 — % + <G(1)m(1), m(1)> ,

o _owyp 1 (1)
and A (zl)——\/—Fn%—b— Z G, ww; + ZG w?; — ™ ZE

" itjel "ien iel;

Now, we can estimate

bnlEq [A°(21)A°(22)]
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1 1
=0’ + o > Gi»fi-l (Zl)wulwllef;i])-Q(Zz)wugwljz + By > Gg)(zl)G( )(Zz)umuﬁg
" #j1€l " i,jel
ioFjo€ll
1
- b—]E Z G,E;)(ZQ) Z G 21 Jw?; | — —IE Z G” 21) Z G 22 Jw?;
" lien ieh ich iclh
1 (1) (1)
+ EE ZGZZ (= ZGn (22)
_th i€lq
2
=0+ = Y GPE)GE () Z G ()G (z2) + 543 6P ()G (22)
n i#jelr 7,75]611 n i€l
1
e Yoot (z20)¥n1(22) = — [ D G\ > G (=)
n i€l i€l
1) M4 1) 1)
=%+ - Z Gy, Z G, Z Gy, 2)
i,7€l1 ZEIl ZEIl

—~—

1 _
+ bf’Yn—l(Z1)’Yn—1(22)

Z Gl %)+ + D NG ()G (22) + bl Yno1(21) 71 (22),

i,7€1 i€l n

where kg = g — 3.

Proof of (v): Observe that

B(z) = <G(1>G(1)m(1),m(1)> _ bi 3 (G(l)Gu))” wiw = ;- Z ZGm GDunins,

" ijen ijel k=2
and
d  a 1
G () = (GV()6W () =36 )6 ().
2 i =

Now, proceed as in (iv) and use the above facts to prove the result. Here we skip the details.

O

Proor or LEMMA A.0.2: Proof of (i): Since wj;, satisfies the Poincaré inequality with con-

stant m and the Poincaré inequality tensorises, the joint distribution of {w;} (kerd On R™bnt1)
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satisfies the Poincaré inequality with same constant m. Therefore we have

o (tome)) <5 e[

2_
1
(A.17) Var( Y7 G| < E 53- > Ga
(14)€ln (G.k)ert (e i
2_
S Z Z GiiGri
(] k)e[ (lvi)eln n
4
:mb E[|Oékj|2:| where AL = Z G]“GU
" Gkent (Li)eln
4 n
= mb “Oékj| ]
nj,k:l
4 T2
= ——E[[VV][)
4 n
= B [Z |5z’\2] ;
i=1
where _ -
Gn G2 -+ G, O 0
v Ga1 Gy -+ Gy, 0 -+ 0
Gpi Gnz +++ Gui, 0 - 0
L d nXxXn

and || - || 7 stands for the Frobenius norm, and 8;s are the eigenvalues of VVT. Here, we denote
the set {i : (1,4) € I,} by {1,2,...,k,}. Observe that k, = 2b, + 1. Since rank(VV"') < k, =
O(by), we have |{i : 5; # 0} < k, = O(b,,). Also we know that ||V| < ||G]|. Therefore,

1

Bil* < IVVII? < |GII* < St
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Consequently, we have

N o A RS ge| < A 00 _
(A.18) Var (( > G”) < mbnE [;I&I ] < b 132 = 0(1).

14)el,

This completes proof of first part of (A.7).
Recall the definition of A from (2.14), A = z — —~wy; + (G(l)m(l),m(l)). Then

Vbn
A° = A —E[A]
Y @ ug + -3 (6wt~ B
\/E bn — (¥ J bn . 2 1 1 9
i#] i€ly
i,j€l
Consider
A} = A —E4[A]
(A.19) = —Lwn + 1 Z G(-l-)wuwy + 1 Z (G(.l)w% — G(,l)) .
. 7«#] ZEIl
1,j€l1
So we have
o_go_ 1 M @ [~ . L~
(A.20) A ap =y (e -E[el]) = A
i€l
Hence
° o e~ o 1 .
B{4°F] = B[147 + 677253 < 2 BT + B

From (A.2), we know that E[|AS|?] = O (i) and from (A.18), We have E[|7,-1]?] = O(1). Com-

bining these two facts and using (2.17), we have

1 12

Var(G11(z)) =E ’A - EZ

11
< [,
—E)A EA

of3)

2 B Ao
T |AEA

This completes the proof of second part.
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Proof of (ii): Proof of (A.8): Recall from (A.19)

(A.21) A= — w” Z G! )whwlj—l——ZG (w%)° = Ty + Ty + Ty,

v " itjel "ieh

We have E[|T1|*] = O (b%) Now

4
" i¢j7k¢lap¢q’s7§tell

1 1) A1
E [|T2|4} =—F Z G( )G( )G(l)th)wllwljwlkwllwlpwlqwlswlt
We use the similar technique as the moment method in the proof of the Semicircle Law. In the
above sum of expectations, we have nonzero terms if the indices of wi,,’s match in a certain way.

Non zero contribution to E[|T2|*] come from the two types of matches.

| | | |

F1GUrRE A.1. Type I matching

| | | |

F1cUreE A.2. Type II matching

Type I: Contribution from this kind of matching is

1 1 1
—E Z |Gz(])’ |G(1)‘ wlzwljw%pw%q = 7]E]E1 Z |G1] | |G(1)’ wlzwljw%pw%q

ba ba
" i#),p#k € m i#j,p#k €1
=57 _ 3 e[ P
" i) p#q
4 4
< g 22 el e e ]
" i#j p#q
o ZZ ( ) (using (A.4))
On i#j p#q

o)
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Type II: Similarly, contribution from the type II matching is

1
E|S X eelel et utut| =0 (5z).

n i#j q#lel

1
Similarly, E[|T3]*] = O <l)2> Hence

(A.22) E[| A3 = O (b%) |

Using Lemma 4.4.3. from [AGZ10] with the help of the Poincaré inequality, we have E [h/”: ‘4] <
CIIVAn_1ll2]l4,, where C is a constant depends only on the constant m of the Poincaré inequality.
Following the arguments given at the right side of (A.17) onward and (A.18), one can show that
VA1l < @, where C' depends only on m. Hence E [’%\_/1‘4] = O(1). Consequently, using
relation (A.20) and (A.22), we have E[|A°[Y] = O (biz) Then E[|4°]%] < (E[|4°[])** = 0 ( 3/2) .

Proof of (A.9): First we write B as

B <G(1>G(1>m(1>,m<1>> _ < HDm M > Z HDwijwj,

7J€Il

where HY) = GO GW) | Define

— Z H wlzwlj—k—ZH wh

7,#]6[1 1611
Then we can write
B° =B - E[B]
1 Z Hyjuniwn + Z [ Vw2 —E[HY]
175]6[1 l€]1
| 1 1
n .
i€lh

o 1
= Bl + bir)/n—lv
n
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where

i) = X () - Eia) = X3 (6 el) - [ eld]) - o)
1€l USTERVES

Proceeding as in the estimate of E[|A$|*], we can show

(A.23) (B4 = 0 <z)1%> .

We have shown that E[|7,-1(2)|*] = O(1). Using this fact and Cauchy’s theorem we have

[Fn=1(2)|*] = O(1). Hence we have the result.

Proof of (iii):

Var {b,E; [A°(21)A°(22)]}
= Var(T) + Var(Ts) + Var(13) + 2Cov(T1,13) + 2Cov(T3, T3) + 2Cov(T3,T1),

where
1
1 b Z G(l) ) T ZG” Zl)G( )(2’2) and T3 bf’yn 1(21)’)/” 1(2’2).
i,J€l1 ’Lell n
K4 EYPIROSCY
Now, Var(Ts) = b—2Var ZGn‘ (21)G;;  (22) ¢ and
n iely
2
var {G{(21)G} (=) | = E \G<-”<21>G§P<22> - E[G@’@l)G@’(@)}\
|\§Zl‘2Var (GS)(Z?)) + |\%2‘2Var (ngl)(zl)>
1 1 1
- (%| i |%z2|2> ¢ <b> |
Therefore,

i< (o) o () -0(t)
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Now

1 — —
Var(Ts) < ijal" (Yn—1(21)7m=1(22))

n

< o 50 P At (2) ]
< o VERT eI VE [ )l
= ;0(1).

Last equality holds, since E [|7,71(21)[*] = O(1). And finally

Var(Th) = Var (

ZG

JeEl

o)

Now, using the Poincaré inequality

ZG

7.7611

|

<2 % ol
(s,t)eLt
S

(st)€I+
s 2y
(st)GI+
+ = > E
(st)elJr
=11 + 5.
We estimate
I =

Zl G( ))

IRCHEICIS

S

el

i,J€11
ST GV ()G ()G (22) + G (21)GY ()G
7]611
r 2
3 GY ()G (210G (22)
_’i,jeh
2
> GG ()G ()
i,J€l1
2
2
—= 2 BN 66 ()G () ]
(s,;t)el;t ijen
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2
:@ZE

(s;t)el;

> GG (21, 22)

i€ly

7

:% Z E[’Ggi)(zl,zg,zﬁ’?]

(s,t)ely
2 n (1) 2
< mbnE [Stzl ‘Gst (21722521)‘ ]
2
= (11411 7]
2 n
=" F 2
it (271
< vzl o4, — o),
where || - || pp is the Frobenius norm, f; are the eigenvalues of VV*, and V is the following matrix
1 1 1 1 [ 1 1 1
Gil(a) GRE) - G () Gil(z) GR() o G (=)
S| GHe) G e G G (z2) G (2) Gy ()
nxn —
Gulz) G(a) - Gl || Gl Gl - GRlG) |
Gz G(=) G (1)
1 1
y G(z1) GL(=1) G, (z1)
I Gl(cln)l(zl) G (1) Gl(fi)n(zl) 1w

Here we denoted the elements of set Iy as Iy = {1,2,...,k,}. Observe that k, = 2b,. Rank of

V < kyp = O(by,). This implies

> B < knCl(z1,22) = O(bn)C (21, 22).
=1

Therefore, Var(T7) = O (b%), and hence Var{b,E; [A°(z1)A°(22)]} = O (é)
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Second part of (iii) follows from the following two facts with the help of Cauchy’s theorem.

d

bnEl [AO(Zl)BO(ZQ)] = bn%El [AO(Zl)AO(ZQ)]
and Var {b,E; {A°(21)A°(22)}} = O (bt) .

Here we skip the details.

Proof of (iv): Using (2.25) and (A.1), and proceeding as the proof of proposition 2.2.2,

E[[5-a(2) - %)) =E “ (TrG(z) ~ BIGO(2)]) = (TG (2) — E[TrG(2)]) ﬂ

4
=E

SN

IN

C 0|4 o4 o4 _ 1
ST [l +E (5] +E[|a°*]] = 0 2)
The last equality follows from the estimates (A.8) and (A.9).

Using martingale differences as in the proof of Proposition 2.2.2,

£ [1al"] < On 32 [l Bl
k=1

Consider for k£ = 1, others will be similar.

E [ - Eabl] = E|

< C1(2)E[|AS]*) + Co(2)E[| B3|

The last equality follows from (A.22) and (A.23). Hence we have the result.

Proof of (v): Using resolvent identity,
(Xo—2D)7' = (Xq — 2I) 7'+ (Xy — 2D)7H(X7 — Xo) (X — 2D) 7,
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we have
(A.24) ZGH(Z) =—-1+ Z mirGr1,
(1,]€)€In
where I,, is defined in (2.1) and m;;s are defined in (2.2). Now, to analyse the terms E[m;,Gj1],

we use the following (see eg. [LP09]): Given &, a real valued random variable with p + 2 finite

moments, and ¢, a function from C — R with p 4+ 1 continuous and bounded derivatives then:

(A.25) El¢o(€)] = Y “HE [6)6)] + i

|
a:
a=0

where #, is the a-th cumulant of £, |e,11] < C'sup, |¢P+) (¢)[E[|€|P+?] and C depends only on p.
Since f,(z) = 2E[TrG(z)] = E[G11(2)], using (A.24) and (A.25) we get
(A.26) zfn(z) = -1+ Z ElmiGi] = -1 - Z b, le + GreGui] + 7,

(1,k)eln kel

where r, contains the third cumulant term corresponding to p = 2 in (A.25) for k£ # 1, and the
error terms due to the truncation of the decoupling formula (A.25) at p=2for k #1and at p=0
for k = 1. We write (A.26)

2fn(2) = —1— 7[}3 [G11]E Z Grr| — fCOV G11, Z Grr | — fE Z G + 7

kely kely kel

=—1— fu(2)(2fn(2)) — beOV G11, Z Grr | — FE Z Ghi| +7n.

kel kel

Now, by the Cauchy-Schwarz inequality and (A.18) we get

1
bf Cov GH, Z Gkk < E Var(GH) Var Z Gkk
kel kely

2192/~ /O(IS)

1
by |Sz]2 )

IN

|
Q
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Also notice that

1 2 1 —2
kel
1

by |z |4

We claim r,, = O < > To prove this, observe that the third cumulant term gives

K

(A.27) 2b33/2E Z 2(G1x)? + 6G11G1,Gra,
n kel

Since

DG <IGIP <1927 and Gyl <[z,
kel

we conclude that the third cumulant term contributes O ( ) to rp. In a similar manner,

b |23

the error due to truncation of decoupling formula (A.25) at p = 2 is O > Similarly, the

by |Sz[4

error term due to truncation of decoupling formula at p = 0 for £k =1 is O > Thus the

by |22

claim is proved. Hence

2fn(2) = =1 = 2f%(2) + O (@) for z € C\R.

Now, following similar argument given in the proof of (3.1) in [PRS12], one can show that

ule) = 1 0 (a5 )

where f(z) = 2(—z+ V22 —8).

Proof of (vi): Recall A(z) = z — b Py + b, dijen GZ(.;)wh-wlj. Now, using (A.12) with

G replaced by GV, we have

Py -1 _ 1 — 1 — (2 Zfl -1y Py -1
(E[A(=)]) by EGW] 2200 (z+2f(2)7 +0(,") = = f(2) + Ob, ")

Hence (E[A(z)])"! = —f(2) + O(b,!). To prove the second part, observe that

1 1
E[B(z)] = b—E E (G(l)G(l))ijwuwlj = FE E (G(I)G(l))m
n ij€h n ich
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i€l k=2 "ien

Again using (A.12) and Cauchy’s integral formula, we have

E[B(2)] = +-(2fa(2) = 2f'(2) + O(55 ")

This completes the proof of Lemma A.0.2. 0

A.0.1. Proof of (2.29):

PRrOOF. We have to find the limit of
SIPIECHCHEN
7]611

as n — oo, where Iy = {2 <i<n:(1,i) € I,}. Let f,g € Cy(R). Define a bilinear form on Cy(R)

as
(A.28) (f,9)n *E > F(M)ijg(M
5,J€0

Then E[T,,] = (h(M), h,,(M)),,, where h(z) = (z — z)~! and h,(z) = (x — 2,) L.
LEMMA A.0.3. For f,g € Cp(R) the limit (f,g) = 1i_>m (f,g)n exists.
n—oo

PROOF. The idea of the proof is similar to the proof of Lemma 3.11 of [LS13]. First we prove
this result for monomials. Although monomials are unbounded, still (A.28) makes sense for all n,
since all moments of the entries of M are finite. Consider f(z) = 2! and g(z) = 2™ where [, m € N.

Then

1
L ,my _ Loy . .
(', 2™)p = b1+(l+m)/2 E E [wloh Wiyig - - 'wlz+m71lo]
n (10,31),(41582) 5+, (f14-m—1,00) Eln
10,41 €11
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If (I4+m) is odd then (z!,2™),, — 0 using independence of matrix entries and E(w;;) = 0, and order
counting of independent vertices. The argument is similar to the combinatorial argument given in
the proof of Wigner semicircular law (see [AGZ10]). We leave it for the reader.

Now, we assume [ +m is even. Then

1
L ,my _ Lo , ,
<$ y L >n = 1+ (+m)/2 Z E [wlollwllm ce wlumfﬂo]
n (10,81)5(41,82) 5+, (f14-m—1,10) Eln
10,81 €11
1 -1
= b1+(l+m)/2 Z E [wliowioi1wi1i2 - 'wil+7n71i0wi01] +O(b,")
n (iovil)v(ihiQ)a---7(il+m—17i0)eln
10,51 €11
1 -1
(A29) = 7b1+(l+m)/2 Z E [wliowioilwi1i2 . wil+m_1i0wi01] + O(bn )
n

(20,81),(41,82) 5+, (f14-m—1,%0) EIn
(Lio)a(lvil)eln

The second last equality in (A.29) holds due to order calculation of independent vertices and

independence of matrix entries. Now, define for £k =1,2,...,l+m,
ik — k-1 if  Jip —ik—1] < by
rp =94 (ip —ip_1) —n if dp —ig_y > b, With i1py = ip, and

n + (Zk — Z'kfl) if i — i < —by

io—1  if Jig—1] <by 1—ig  if |1—idg| < by
zo = and Tjymy1 =
(’io—l)—n if i9g—1>b, n—l—(l—io) if 1—1i9< —by.
Note, xg = —Zj+m+1. Since [, m are fixed and b,, — oo, for large n the restrictions
{(io,41), (i1,72), - - -, ({1+m—1,%) € I, and (1,49), (1,%;) € I} are equivalent to {|zo|, |z1|,- .-, |Ti+m]

< by, xo+ o1+ -+ e + Tppme1 = 0 and |z + 21 + -+ + 27| < by}. Also observe that

o+ 21+ -+ Tiem + Tirma1 = 0 is same as x1 + - - - + x4y, = 0 since xg = —x14m+1. Therefore
for large n
I ,m\ _ 1 -1
<£L' , T >n = TXaem 2 Z E [wliowioilwim R wiz+m71i0wi01) + O(bn )
n

L1+ 4Ty =0
|$ilgbn70§i§l+ma ‘x0+x1+“‘+xl ‘Sbn

Without loss of generality, we assume that [ < m. Each {ig, 41,42, ...,%+m—1,%0} is a closed path
such that distance between the end points of each edge is bounded by b,,. As in the proof of Wigner
75



semicircular law only the paths whose edges are pair matched contributes to the limit, here also, only
such paths contribute to the limit. And contribution of each path is E(wii wigi; - - - Wiy, igWig1) =
1 since E(wfj) = 1. Each such path corresponds to a Dyck path of length (I + m). Recall that a
Dyck path (S(0),S(1),...,S(l +m)) of length (I + m) satisfies (see [AGZ10))

S(0) = S(i+m) = 0, S(1),5(2),...,S(+m—1) > 0and |S(i+1)—S(i)| = 1, fori = 0,1, ..., I1+m—1.

Specifically, S(t + 1) — S(t) = 1 if the non-oriented edge (it,4¢41) appears in {ig,41,...,%+1m—1,%}
for the first time and S(t + 1) — S(t) = —1 if the edge (i, 14+1) appears in {ig, i1, ..., %+m—1,%0}
for the second time.

Here each Dyck path does not give equal contribution to the limit due to the condition that
(1,4;) € I, and in terms of z;, which is same as |rg + z1 + -+ + x| < b,. We have to take
into account this condition. Suppose S(I) = k, 0 < k < [. Then during the first [ steps of the
path {ig,41,...,%+m—1,%0}, k edges appear only once and (I — k)/2 edges appear twice. The edges
appearing twice, the corresponding two number z; have same absolute value but with different
sign. We rename the remaining & numbers x; which appear only once as yi1,y2, ...,y (according
to their order of appearance) and z( as yo. So the condition |xg + z1 + ... + x| < b, reduces to
lyo +y1 + - .. + yk| < by. Therefore
1 !

> " |{Dyck path of length I + m with S(I) = k}|

1+(l1+m)/2
bn+(+ )/ prt

<xl,xm>n:
X 1Yol < bns [91] < by s [Yk] < by ooy [Yrm] < by [yo + 31 + -+ + k| < b} +O(b1).

and

= lim (!, 2™),
n—0o0

l
= (V2)"Fm 423 " [{Dyck path of length I+ m with S(I) = k}|
k=0

x Vol{lto] < 1/2, |t < 1/2,..., |tiem| < 1/2, [to + 11 + - + ] < 1/2}
2
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l
= (V2)"m 42 " [{Dyck path of length I+ m with S(I) = k} x P(|To+ T + -+ + Ti| < 1/2),
k=0

where Ty, T1, ..., Titm are independent random variables uniformly distributed on [-1/2,1/2]. Let
2
Sgr1=To+T1+ ...+ T). Then

sinx ktl
B [een] = (Bfe=t]) ! = (T2)

Using inversion formula, the density of Si1 is given by

00 : k1
fer1(s) = 1/ el (Smw/z> dx.

21 ) x/2

Now,

1/2 1 [ (sinz/2)\""?
= Pk <12 = [ fues = 5 [ ()@= e

using [Cra99] we get exact formula of y541:

T Z:(1<:+1 /2( )s(k+2) (Q s+ %)k“ if k41 even
'Zk/2( s (*42) (B2 — s+ )™ it k41 odd.

S

(A.30) Ve+1 =

The number of Dyck path of length [ + m with S(I) =k is

w6 ()] () - ()] - i (15 (22

Hence from (A.30) and (A.31), we get

where Cy,, = 0if (I +m) is odd and

El: (k+1)2 <l+1)<m+1>
1+k+2 k+2 | Vk+1
L (14 1) (m+ 1) \F552 ) \

1/2 k 1 .
’f/ Om(lg’ﬁ)(mtkhzkﬂ if [ even

S0 a2 (L) (w5 e i Lodd
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if (I4+m) is even and I < m, otherwise, C,, = Cp,;. If f, g are polynomials, f(z) = >°F_ja;a?, g(x) =

¢, biz’, then by linearity
p q . .
(A32) <f’ g> — Z Z aibj(\/§)1+]+2ci’j

For general bounded continuous functions f, g, to show that (f, g) exists we have to use the Stone-
Weierstrass theorem to approximate f, g by appropriate polynomial and then (A.32). The argument

is similar to the argument given in the proof of Lemma 3.11 of [LS13]. We skip the details. (|
In the next lemma we diagonalize the bilinear form (f, g).

LEMMA A.04. Let {Uy(2)}n>0 be the rescaled Chebyshev polynomial of the second kind on

[—2v2,2v2],
n — 7 n—2k
o= S0 (1) ()

Then {Uy(x)} are orthogonal with respect to the bilinear form (A.32), that is,
(A33) <Un7 Um> = 25nm7n+17

where Y41 18 defined in (A.30).

PRrROOF. The proof of this lemma is similar to the proof of Lemma 3.12 of [LS13]. For sake of
completeness we outline it here. Since (z!,2™) = 0 if I + m is odd, from linearity (U;, U,,) = 0 if
I +m is odd. We are left to compute (Usy,, Usy) and (Usp i1, Usmy1). We first compute (22, Us,)

and (2241 Usyyq) for 1 =0,1,...,n.

2n — k
(@ Ugpn) = 2l+22 < " >021,2n—2k

n—l l

S ) e ()

k=0 t=

n n—k
2n — (2t 4 1) 20+ 1\ [2n — 2k + 1
fa oY ( )Z 20 + 1) 2n—2k+1)<l—t><n—k—t)”t“]

k=n—I+1 t:0
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2t+1 20+ 1
2[+2
z (l_t>

(2t + 1 204+ 1
21+2 Z < ) Gl (’I’L, t)/72t+17

k‘n— —t (n—k+t+1)! Tt

2041 [—t
where ;
- (=1)*(2n — k)!
G t) = .
1(n,#) Z::k!(n_k—t)!(n—k+t+1)!
Similarly,
(2t +2)2 (20 + 2\ [ Fen+1-k)!
2l+1 2[+3
< U2 +1 Z 204+ 2 <l_t> Zok;ln— —t (n—k+t+2)' V2t+-2
2t+2 20 4 2
2l+3
Z 9 (l—t >G2(nﬂf)72t+2a
where

n—t

B (—Dk@2n +1—k)!
Ga(n,t) = Kln—k—t)l(n—k+t+2)

Gi(n,t) and Ga(n,t) can be written in terms of hypergeometric function as follows:

B (2n)! ~(n=t)(nt+1)
Gl(n,t)— (n—t)‘(n+t+1)' 2F1 2n 3 1

_ (27’L + 1) —(n—t),—(n+t+2).
Gg(n,t)— (n—t) (n+t—|—2)' 2F1 2n 1 5 1

where 9F) is a hypergeometric function. By the Chu-Vandermonde identity (see [AAR99]), we

have

—2n ,
(—Qn)n_t

(n—t),—(n+t+2) _ I\
gFl( —On—1 ,1) (ntt+ Do

(n—t),—(n+t+1) _
2F1< ’1> (=4t + 1)y

(—27’L - 1)n7t ’
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where (a), =a(a+1)---(a+n —1). Since
(—n+t+ 1) =
1 if t=n

we have Gi(n,t) = 0, Ga(n,t) =0 for t =0,1,...,n—1 and Gi(n,n) = 1/(2n + 1), Ga(n,n) =
1/(2n + 2). Therefore, (2%, Us,) =0 for 0 <1 <n —1 and

(@ Ugn) = (V2)*" o 1.
Similarly, (221, Us,i1) =0for 0 <1<n—1 and

(2T Ugpi1) = (V2)" 9.

Therefore
(Uan, Uan) = 272p+41 and (Uzn+1, Uznt1) = 272n+2.

This completes the proof of the lemma. O

Now, we complete the proof of (2.29). For f,g € Cy(R), if

2v/2

2v2
fr = 1/ F(@)Up(2)V/8 — 22dzx, gy, = 1/ 9(x)Ux(2)V/8 — a2dz,

47 72\/5 A7 72\6

then

(A.34) (1,9) = fror2ve11

k=0

1

2V2  r2v2
=33 / f(@)g(y) V8 — x2/8 —y?
™ J_2v2J—2v2

T Uk(@)Uk(y)er1 | dady
k=0

1 2V2  2V2
=1 / (@) VS =S = PP (e dsdy

where

00 Z—ZS

(8359 Flay) =7 3 Ui en =2 | s
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with z = % Now, (A.34) holds due to (A.33) and orthogonality of Chebyshev polynomial with

respect to the Wigner semicircular law, that is,

2v2 1
/ Un(:c)Um(x)Z\/ 8 — 22dx = by,
T

,2\/5

And (A.35) is a straightforward consequence of the Fourier analysis using the following fact

sin[(n + 1)6]
sin ¢

Un(z) = , & = 2v2cos¥.

This completes the proof of Proof of (2.29). O

LEMMA A.0.5 (Lemma 2.3, [SB95]). Let P, Q be two rectangular matrices of the same size.

Then for any x,y > 0,
(P+Q)(P+Q)+ (T +y,00) < ppp«(x,00) + g+ (y, o0)

PRroOF. It follows directly from the Cauchy interlacing theorem. O

LEMMA A.0.6 (Sherman-Morrison formula). Let P,x, and (P + vv*) be invertible matrices,

where v € C*. Then we have

P~ lyp*p1
Pto )y l=p - ———
(P+wv) 1+v*P 1y
In particular,
’U*Pil
* P *\—1 — .
v (P +vvt) 1+v*P 1y

PRroOF. Using the resolvent identity, we have
Pt —(P+w*)™ = P loo* (P +vv*) 7t
Secondly since v* P~ v is a scalar, we have

(v* P~ lo) P~ tov* (P + vo*) 7t = P lo(v* P~ lo)o* (P + vo*) !

= (P~ tov* P~ Hov* (P + vo*) ™!
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= (P Yov*P7YH[I — P(P +vv*) 7Y

= P lov* P~ — P low* (P 4 wo*) L

Which implies that (1 +v*P~1v)P~lov* (P 4 vv*)~! = P~lyv* P~1. This completes the proof. [J

LEMMA A.0.7 ( Lemma 2.6, [SB95]). Let P, Q be n x n matrices such that Q is Hermitian.
Then for any r € C" and z = E +in € CT we have

Q=)' PQ=zD)'r| _ [P

(=2 = (Q+rr—zD)"") P| = 14+r9(Q — zI)~r o

PrOOF. If C, D are two invertible matrices, then the resolvent identity tells us that C~1—D~1 =
C~YD — C)D~'. Applying this result, we have
tr ((Q — ZI)_1 —(Q+rr* — ZI)_I) P =tr [(Q — ZI)_lrr*(Q +rr* — ZI)_IP]

=r(Q +rr* —2I)IP(Q — 2I) .
Once again using the resolvent identity, we have

[1+r(Q—2D) 'rlr*(Q+rr* —2I) "P(Q — 1) 'r
=r*Q+rr* —2)'P(Q — zI)"'r

+74(Q — 2I)'rr*(Q + 1t — 2I)TTP(Q — 2I) M

= [(Q+rr* — 2) L+ (Q — 2I) " lrr* (Q + 1t — 2I) 7Y
x P(Q— zI)r

=r*(Q —2I)'P(Q — )" 'r.

Combining the above two equations, we obtain

r(Q — 2)T'P(Q — 2I)"r
1+7m(Q — zI)~tr

ltr ((Q — 2D)TH—(Q+rr* — 2D P’ =
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Let {\i}1<i<n be the eigenvalues of @, and U = " | u;u] be a matrix formed by the orthonor-

mal eigenvectors of (). Then
7*(Q — D)7 P(Q — =) T < IPII(Q — =)~ Hr||?

i TI
HPHZ B

Secondly,

1+ r"(Q — zI)*lr\ > S(r*(Q — zI)*lr)\

n

g (s Juir?
. /\i —Z
=1

n

uir|
=N Z N — 22
Combining the last two estimates, we obtain

r(Q —2)71P(Q — 2I)~
1+7m(Q —zI)~!

| |IP]

‘tr ((Q—ZI)_I—(Q+T7°*—ZI)_1) P’ = 7

LEMMA A.0.8 ( [Azu67], Lemma 1). Let {X,}, be a sequence of random variables such that
| Xn| < Ky, almost surely, and E[X;, X;, ... X;,] =0 for all k € N, iy < iy < --- <ig. Then for

E [p{@x}] gp{;zx}

In particular, for any t > 0 we have
n 2

IP( a >t>§Qexp{W}.

PROOF. Since e” is a convex function, and |X;| < K;, we have

>
exntax o 3 (K52) 1 oy (K0
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every A € R we have




o {ar (LY oy (L))

< -1+ X;/K;)exp{\K;} + %(1 — Xi/K;) exp{—\K;}

| =

X
= cosh(A\K;) + fz sinh(AK;)

7

Xi .
< exp{\?K?/2} + T sinh(AK;) a.s.,

where the last inequality follows from the fact that cosh(x) < exp{z?/2}. Therefore using the fact

EX; Xi,... X, ]=0forall k € N, iy <iy <--- <1, we have

E lexp {)\ZH:XZ}] < ﬁexp{)\sz/Q} = exp {)\22 zn:Kf} .
i=1 i=1

=1

O
LEMMA A.0.9. Let P,Q be two n X n matrices, then
2
lepp- = Hog-ll = —rank(P — Q).
PRroOOF. By Cauchy’s interlacing property,
1 * *
”,UfPP* — MQQ* g ﬁrank(PP — QQ )
1 1
< Lrank((P - Q)P*) + ~rank(Q(P — Q")
n n
2
< —rank(P — Q).
n
O

LeEMMA A.0.10 ( [BG13], Lemma C.3). Let P and Q be n x n Hermition matrices, and I C
{1,2,...,n}, then

SP =2 = Q- D | < g k(P - Q).

kel kel

PRroOOF. Using the resolvent identity, we have

(P—zD)" = (Q—2D) = (P—2I)"(Q - P)(Q—=I)"".
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Therefore 7 := rank((P — 2I)~! — (Q — 2I)™!) < rank(P — Q). Using the singular value decompo-

sition, we can write

r

(P—z2D)'—(Q—-=z20)"t = Z Siuv;,

i=1
where {u,...,u,} and {v1,...,v,} are two sets of orthonormal vectors, and si,...,s, are the at

most r non zero singular values of (P — zI)~! — (Q — zI)~!. As a result, we can write

T

(P —zD)l —(Q — D)) = Zéﬂui, er) (i, ex).

=1

Using Cauchy-Schwarz inequality,

NP —zDi =Y (Q—zDjy = s > (ui,ex)(vise)

kel kel i=1 kel
T
<D si [ Muner) 1> [(vi,er)?
i=1 kel kel

2
< ZSZ =30 § rank(P — Q),

where the second last inequality follows from the fact that s; < ||[(P—2zI)"' —(Q—2I)7Y| < 2/S(2)

foralll1 <gi<r. O

LEMMA A.0.11. Let C; and B;j be same as defined in (3.6), r; be the jth column of R, and
I; € {1,2,...,n} be same as (3.1). Then

P> (CYm—EY (Chm| >t ] <2 Ok
i Jkk j Jkk = 26xp 39
kel; kel
-1 J(2)2t2
P Z(Cj B! kk—EZ Ver| >t §2exp{—32n
kel; kel;
Cx 242
1* 1= \S(Z> 3
P> (C s Cr e =B (C5 i O )| > gzexp{ o }
k‘EIj kEI
P C—lB *B— 1*C 1* E *B— 1*C 1= t <9 %(Z)QtZ
l;( j 5T ek — Ig r]J Jkk| >t ] <2expq— o [
j
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PRrOOF. Let F; = o{y1,...,y;} be the o-algebra generated by the column vectors yi,...,y;.

Then, we can write

3

DG —EY (C7 =) |EQ D (G| Fip —EQ > (C5 k| Fin

kel; kel 1=1 kel; kel;

Notice that for any two matrices P, Q, we have rank(PP* — QQ*) < 2rank(P — Q) (from Lemma
A.0.9). Therefore, using the Lemma A.0.10 and Lemma A.0.8, we can conclude the result. The

remaining three equations can also be proved in the same way. (Il
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